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We consider a gas of spinless bosons in the continuum.
Bosons interact with a radial two-body potential.
We assume the potential is stable and Holder continuous.

We show the grand-canonical partition function converges to that of the
classical gas when the mass of the bosons is increased to infinity.

We obtain quantitative estimates on the convergence.

We use the Ginibre loop representation of the partition function. This
allows us to use Gaussian bounds on the Brownian bridge measures.
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Spatial domain is a torus
A=A, =[-L/2,L/2]9, L>1.

Hamiltonian for n bosons is

v VN, s
HY = 2;A,+ Z v(xi — xj).

1<i<j<n
L ]

kinetic part interaction

where v =1/m > 0 is an inverse mass of a boson.
The domain of H,, are symmetric L? functions on A":

Hy={f € L2((N") : f(x1,...,xp) = f(Xo(1)s -+ - s Xo(n)) VO € Sn}.
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Grand-canonical ensemble

HY = — ZA+ > v(xi—x)

1<i<j<n
Hp = Sym metrised(L2(/\”))

Fix an inverse temperature 5 > 0 and a chemical potential u < 0.
Grand-canonical ensemble is a sequence of operators (pn)neN:

Pl = ie—ﬂ(HZ—/m)

':‘V

=V o—14+ Z Try —p(HY — ;m).

We are interested in the behaviour of =¥ as v — 0.
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v o__ ie*[j(HZ*l“’)

n —v
=

[e.9]

n=1
If 1 is kept fixed as v — 0, then =¥ diverges.
Fix a constant ¢ > 0 and set
p=pu(C,v) = log( + g log v.

Then ev~9/2 = ¢. This will cancel out the singularity of the heat
kernel at O.
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Assumptions on v

”:—52y3+ S

1<i<j<n

Recall v: A — R is the potential. Assume:
(i) v is even,

(i) v is stable: 3B > 0 such that for all n € N* and all xq,...,x, € A

1<i<j<n

(iii) v is a-Holder continuous for some o € (0, 1]: there exists C > 0
so that for all x,y € A

[v(x) = v(y)l < Clx = y[}

where |u|p == min,czq¢ |u — Lm| is the periodic Euclidean norm
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Results: Partition function

—ZZA + Y v

1<i<j<n

= =1+ Z Try, o~ A(Hy—pun)

v
Hl’l

Theorem 1 (Garouniatis-S.-Sohinger 2025)

For v: N — R even, stable, and a-Hélder continuous we have

|r—~1/ a/2

= =0
= 2| Sd¢v.aeBL Y

where

— = ¢"
LOZZI—F;W Xm"'anGXp<_ Z V(XI_XJ')

A" 1<i<j<n

is the grand-canonical partition function of a classical interacting gas.
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Reduced density matrices

H’;:—szju > v(xi—x)

1<i<j<n

o
Pl = iefﬁ(HKﬂm) V14 Z Tryy, e PUER—1n)

—v
n=1

—

Given p € N* define the reduced p-particle density matrix as

v = (n+p)!
["p — Z T Tl"p+1,....n+p(pn+p)

where Trp11,.. n1p is the partial trace over coordinates x,11,. .., Xpqp.

For fixed x,y € AP, let [')(x, y) be the operator kernel of I'}.
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Results: Reduced density matrices

Pl = %e*ﬁmz*“”)
(oo}
) , n-+ p)! ,
FZ(x,y) is the operator kernel of r;’:Z (nlp) T1p+l....,n+P(plI7+p)
n=0 !

Theorem 2 (Garouniatis-S.-Sohinger 2025)

For any p € N* and any x,y € AP we have
: v _r0
JTO rp(xv.y) - rp(xay)

where

0 ._ ¢P EO(X)
rp(xv.y) _W ; 5K(X*7Ty) EO
TCop

and Z°(x) is the interacting partition function:

=0(x) = Z (27r)C”d/2n! '//;ndxp+1 <o dXptn exp( - Z v(xi — xj)>.

n=0 1<i<j<n+p

y
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Ginibre representation

Gases of interacting bosons are represented in terms of interacting
Brownian paths — Ginibre ensemble.

A path w of duration T is a continuous map w: [0, T| — A.

Let Q;X be the space of all paths of duration T from x € A to y € A.
Let Q7 = Us.yen Q;X.

Let W] be the law of Brownian motion on Q7 that starts at x.

Let W;- x(dw) = 1,(1y=yWx(dw) be the Brownian bridge measure.
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Interaction of paths

Two paths w € QT, &€ QT with T, T € vN interact with potential

VY (w, @) ZHKTZHKT/ dt v(w(s +t) —@(5+t)).

SEVN sevN

Every path interacts with itself as well:

Iy 1S<S<T/ dt v(w(s + t) — w(s' +1)).

ssEuN

Given n paths (w1, ...,ws) = w, their total interaction is

VV((.U) = Z V”(w;,wj) + Z V”(w,-).

1<i<j<n i=1
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Interaction of paths

1 v
V(o) = - Y Ty ngd/ dt v(w(s +t) — 3(E + 1)),
v sevN sevN 0
1 v
V)= Y ]1s<5,<T/0 dt v(w(s + t) — w(s' + 1)).
s,s’evN

Figure: Interaction of four loops. Source:
Interacting loop ensembles and Bose gases by
Frohlich, Knowles, Schlein, Sohinger, '23
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Partition function

oo
=1+ Z Tryy, e AR —1n)

n=1

Define a new measure on loops:
0o~k kd/2 .
L(dw) =3 S0 / ax [ W (dw).
p k JA J Qkv ’

The partiton function in the Ginibre representation is
— = 1 v
=14 Zl - / L¥(dwy) - - - LY (dwn) exp(—V" ().
n—

This follows from the Feynman-Kac formula.
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Recall theorem for partition function

S o e
n=1 """

- — ¢" '
;O =1+ Z:l m dX1 coe an exp( Z V(X,' — XJ)>

JA" 1<i<j<n

Theorem 1 (Garouniatis-S.-Sohinger 2025)

For v: A — R even, stable, and a-Hélder continuous we have

=0 2
=¥ = 2% SdcwiabL V2

=
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Proof: Overview

L Z:l % / LY (dwi) - - - LY (dwy) exp(— V" (w))

- > ¢"
=0 -1+ Zlm .//\” dx; --- dx, exp(— Z v(x,-—xj)>

1<i<j<n

Step 1: Derive a lower bound on V(w). This follows from the stability
assumption on the potential v.

Step 2: Loops of duration longer than v are negligible when v — 0.

Step 3: Loops of duration v collapse to points as v — 0.
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Step 1: Lower bound on V(w)

V(w, @) = — ZILS<TZIL~<T/ dt v(w(s+t) —@(5+t))

SGVN sevN

Recall the stability assumption: There exists B > 0 such that for all
neN*and all xq,...,xp €A

Z v(xi — xj) > —Bn.

1<i<j<n

Stability of v implies B

where w = (w1, ...,wp), and T; is the duration of w;.
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Step 2: Only loops of duration v are relevant

o ckykd/2 k
LY (dw) = /dx/ WY (dw
( ("U) /(Z::l k JA JQkv ’ ( )

=13 L) L () exp( V() (1
n=1""""°

(1) can be interpreted as a formal Riemann sum of mesh size v. It does
not correspond to a convergent integral. The main contribution should
come from the k =1 terms.

Define : :
LY(dw) = Cl/d/2/ dx [ WY (dw) Loops of duration v.
A Qv ’
and
=7 — 1 Tv Tv v
=V=1+ Zl o /L (dwy) -+ - LY (dwp) exp(— V" (w)).
Then
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Step 2: Only loops of duration v are relevant

Ck kd /2
LY(dw) = /dx/ WA (dw)
Qkv

S Z 5 / L (b)Y () exp( V(o)

_ —an / — L¥)(dwy) LY (dws) - - - LY (dwp) exp(— V* (w))

n
=V_EY| < Z / —ILY)(dw;) LY (dws) - - ”(dw,,)exp(BZ k,-).
From Gau55|an bounds on WY we get

/eB/q (LV ]L")(dwl) <dcBL I/d/2

/BleV(dwl)NdCBL(d/2+1) fori:2,...,n
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Step 3: Remaining loops collapse to points

IE”(dw) = (/2 / dx WY ,(dw) Loops of duration v.
A Jav

[

:1/ — 1 AI/ AI/ v
HZE /IL (dwr) - - LY (dw,) exp(— V" (w))
n=1 -

=0 _1 ‘ Cin/d o dx, _ X
+;(27r)"d/2n! N X1 Xp €Xp Z v(x; — x;j)

1<i<j<n

- <1 /- ~
=V=1+ Z ] /Ly(dwl) -+ L”(dwn) exp( Z v(xi — XJ))
n=1 . 1<i<j<n
By the mean value theorem, stability and a-Hélder continuity of v, and
Gaussian bounds:

v ~v a/2
- T = |f§d7<av7a’B)L v / °

By Gaussian bounds:

—0 d/2
— T = |§d,C,V,O{,B,L v / :
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