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Quantum Walk(er) 

Graph:  𝒢 with vertices      {x}x∈v
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Quantum Walk(er) 

Graph:  𝒢 with vertices      {x}x∈v

Hilbert space:  

ℋ𝒢 = l2(𝒢) with ONB {ex}x∈v

s.t. l2(𝒢) ∋ ψ = ∑
x∈v

ψxex , ψx ∈ ℂ , ∑
x∈v

|ψx |2 < ∞

& scal. pdt. ⟨ ⋅ | ⋅ ⟩
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Quantum Walk(er) 

Graph:  𝒢 with vertices      {x}x∈v

Hilbert space:  

ℋ𝒢 = l2(𝒢) with ONB {ex}x∈v

s.t. l2(𝒢) ∋ ψ = ∑
x∈v

ψxex , ψx ∈ ℂ , ∑
x∈v

|ψx |2 < ∞

& scal. pdt. ⟨ ⋅ | ⋅ ⟩
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Unitary operator: V on   ℋ𝒢 = l2(𝒢)

s.t. ⟨ex |Vey⟩ = 0 if dist𝒢(x, y) > D for 𝒢 infinite
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Quantum Walk(er) 

Discrete dynamics:  
time  ψ(0) = ex0

∈ ℋ

ψ(t) = Vtψ(0) = ∑
x∈v

ψx(t)ex
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Quantum Walk(er) 

Discrete dynamics:  
time  ψ(0) = ex0

∈ ℋ

ψ(t) = Vtψ(0) = ∑
x∈v

ψx(t)ex

On ℤ

Exples:  
S : δj ↦ δj−1 , j ∈ ℤ, the shift

On 𝒢 finite,  any V unitary
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• Approximate dynamics of quantum systems  
Feynman'82, Chalker-Coddington'88, Meyer'96,..., Manouchehri-Wang'03
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|ψx(n) |2

t = 0

t ∈ ℤ

• Approximate dynamics of quantum systems  
Feynman'82, Chalker-Coddington'88, Meyer'96,..., Manouchehri-Wang'03

• Quantum software for quantum computer 
Aharonov et al'93, Grover'96, Childs et al'03,...



"Thermalization" Problem 

On ℤ S : δj ↦ δj−1 , j ∈ ℤ, shift

On 𝒢 finite,  any V unitary
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reservoir

sample
V S

ϕ
δ0Uint

bosons

fermions

Problem:  

Hamza, J. '17, Raquépas '20, Andréys, J., Raquépas '21



Fermionic QWs

Fermions:
⇝ ℋ∧N spanned by {ex1

∧ ex2
∧ … ∧ exN

}xi∈v,1≤i≤N

s.t. ex1
∧ ex2

∧ … ∧ exN
= sign(σ)exσ(1)

∧ exσ(2)
∧ … ∧ exσ(N)
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Fermionic QWs

Fermions:
⇝ ℋ∧N spanned by {ex1

∧ ex2
∧ … ∧ exN

}xi∈v,1≤i≤N

s.t. ex1
∧ ex2

∧ … ∧ exN
= sign(σ)exσ(1)

∧ exσ(2)
∧ … ∧ exσ(N)

Fock space:
ℱ− = ⊕0≤N≤d ℋ∧N s.t. ψ = (ψ0, ψ1, ψ2, ⋯, ψd) ψN ∈ ℋ∧Nwith
Ψ0 ∈ ℂΩ , Ω the vacuum

dim ℋ = d
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Fermionic QWs

Fermions:
⇝ ℋ∧N spanned by {ex1

∧ ex2
∧ … ∧ exN

}xi∈v,1≤i≤N

s.t. ex1
∧ ex2

∧ … ∧ exN
= sign(σ)exσ(1)

∧ exσ(2)
∧ … ∧ exσ(N)

Non interact. Dyn. on     :
ℋV on ⇝ Γ−(V ) |ℋ∧N = V ∧ V ∧ ⋯ ∧ VΓ−(V )

ℱ−

s.t.

Fock space:
ℱ− = ⊕0≤N≤d ℋ∧N s.t. ψ = (ψ0, ψ1, ψ2, ⋯, ψd) ψN ∈ ℋ∧Nwith
Ψ0 ∈ ℂΩ , Ω the vacuum

dim ℋ = d
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Creation/annihilation op.
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∀f, f1, f2, …, fN ∈ ℋSet
a*( f )( f1 ∧ f2 ∧ … ∧ fN) = f ∧ f1 ∧ f2 ∧ … ∧ fN

a*( f ) : ℋ∧N → ℋ∧(N+1) a*( f )Ω = fs.t.

and a( f ) : ℋ∧N → ℋ∧(N−1) a( f )Ω = 0s.t. a( f ) = (a*( f ))*by



Creation/annihilation op.

CAR: ∀ f, g ∈ ℋ{a( f ), a*(g)} = ⟨ f |g⟩𝕀 , {a#( f ), a#(g)} = 0
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∀f, f1, f2, …, fN ∈ ℋSet
a*( f )( f1 ∧ f2 ∧ … ∧ fN) = f ∧ f1 ∧ f2 ∧ … ∧ fN

a*( f ) : ℋ∧N → ℋ∧(N+1) a*( f )Ω = fs.t.

and a( f ) : ℋ∧N → ℋ∧(N−1) a( f )Ω = 0s.t. a( f ) = (a*( f ))*by

Rem: Γ−(eiH) = eidΓ−(H) dΓ−(H) = ∑
i,j

⟨ei |Hej⟩a*(ei)a(ej) ONB {ej}j



Bosonic QWs

Bosons: sym. subsp.
⇝ ℋ⊗SN spanned by {ex1

⊗s ex2
⊗s … ⊗s exN

}xi∈v,1≤i≤N

s.t. ex1
⊗s ex2

⊗s … ⊗s exN
= exσ(1)

⊗s exσ(2)
⊗s … ⊗s exσ(N)
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Bosonic QWs

Bosons: sym. subsp.
⇝ ℋ⊗SN spanned by {ex1

⊗s ex2
⊗s … ⊗s exN

}xi∈v,1≤i≤N

s.t. ex1
⊗s ex2

⊗s … ⊗s exN
= exσ(1)

⊗s exσ(2)
⊗s … ⊗s exσ(N)

Fock space:
ℱ+ = ⊕0≤N ℋ⊗SN s.t. ψ = (ψ0, ψ1, ψ2, ⋯) ψN ∈ ℋ⊗Swith
Ψ0 ∈ ℂΩ , Ω the vacuum

Non interact. Dyn. on      :
ℋS on ⇝ Γ+(S) |ℋ⊗SN = S ⊗ S ⊗ ⋯ ⊗ SΓ+(S)

ℱ+

s.t.
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Creation/annihilation op.

∀f, f1, f2, …, fN ∈ ℋ

Quantissima/Oise 15-19/9/25

Set
b*( f )( f1 ⊗s f2 ⊗s … ⊗s fN) = N + 1f ⊗s f1 ⊗s f2 ⊗s … ⊗s fN

b*( f ) : ℋ⊗N
− → ℋ⊗(N+1)

− b*( f )Ω = fs.t.

and b( f ) : ℋ⊗SN → ℋ⊗S(N−1) b( f )Ω = 0s.t. b( f ) = (b*( f ))*by



Creation/annihilation op.

∀f, f1, f2, …, fN ∈ ℋ

CCR: ∀ f, g ∈ ℋ[b( f ), b*(g)] = ⟨ f |g⟩𝕀 , [b#( f ), b#(g)] = 0
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Set
b*( f )( f1 ⊗s f2 ⊗s … ⊗s fN) = N + 1f ⊗s f1 ⊗s f2 ⊗s … ⊗s fN

b*( f ) : ℋ⊗N
− → ℋ⊗(N+1)

− b*( f )Ω = fs.t.

and b( f ) : ℋ⊗SN → ℋ⊗S(N−1) b( f )Ω = 0s.t. b( f ) = (b*( f ))*by

Weyl op.: W( f ) = ei(b( f )+b*( f ))/ 2 , f ∈ ℋ unitary

s.t. W( f )W(g) = W( f + g)e−iIm⟨ f|g⟩/2



Quantum States
State on     : ℱ−

s.t. for X = X* ∈ ℬ(ℱ−)  observable  
ωρ(X) = tr(ρX) ∈ ℝ QM expect. value

𝒟 = {ρ ∈ 𝒯(ℱ−) s.t. ρ ≥ 0, tr ρ = 1} density mat.
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Quantum States
State on     : ℱ−

s.t. for X = X* ∈ ℬ(ℱ−)  observable  
ωρ(X) = tr(ρX) ∈ ℝ QM expect. value

𝒟 = {ρ ∈ 𝒯(ℱ−) s.t. ρ ≥ 0, tr ρ = 1}

ℱ+Gaussian State on     : 

symbol K ∈ ℬ(l2(ℤ)) , K = K* ≥ 𝕀ωK s.t. 

ωK(W( f )) = exp( − ⟨ f |Kf ⟩/4), f ∈ l2(ℤ)

↔

⇝ ωK(A) ∈ ℝ the QM expect. val. of A ∈ CRR(l2(ℤ))

density mat.
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Quantum States
State on     : ℱ−

s.t. for X = X* ∈ ℬ(ℱ−)  observable  
ωρ(X) = tr(ρX) ∈ ℝ QM expect. value

𝒟 = {ρ ∈ 𝒯(ℱ−) s.t. ρ ≥ 0, tr ρ = 1}

ℱ+Gaussian State on     : 

symbol K ∈ ℬ(l2(ℤ)) , K = K* ≥ 𝕀ωK s.t. 

ωK(W( f )) = exp( − ⟨ f |Kf ⟩/4), f ∈ l2(ℤ)

↔

⇝ ωK(A) ∈ ℝ the QM expect. val. of A ∈ CRR(l2(ℤ))

Exple:
K = coth(β(HB − μ𝕀)) for HB = H*B > μ𝕀, β > 0

Thermal case

density mat.
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Finite Graph: ℱ−(ℋ𝒢)Γ−(V ) on   𝒢 ⇝ sample with dyn.
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Γ−(V )

sample
fermionic

Finite Graph: ℱ−(ℋ𝒢)Γ−(V ) on   𝒢 ⇝ sample with dyn.

Γ+(S)

reservoir
bosonic

Infinite Graph: ℤ ⇝ reservoir ℱ+(l2(ℤ))Γ+(S) on   with dyn.
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Total Hilbert space: ℱ−(l2(𝒢)) ⊗ ℱ+(l2(ℤ))
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Γ−(V )

sample
fermionic

Finite Graph: ℱ−(ℋ𝒢)Γ−(V ) on   𝒢 ⇝ sample with dyn.

Γ+(S)

reservoir
bosonic

Infinite Graph: ℤ ⇝ reservoir ℱ+(l2(ℤ))Γ+(S) on   with dyn.

Unitary Coupling: λ coupling strength   

ϕ
δ0Uint

Uint = e−iλT⊗(b0+b*0 )/ 2,

b#
0 = b#(δ0)T = T* ∈ ℬ(ℱ−) ,
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reservoir

ϕ
δ0Uint

bosonic

Unitary dynamics: Uλ = Uint (Γ−(V ) ⊗ Γ+(S))

State: ωρ ⊗ ωK( ⋅ ) at time t = 0

Gaussian

Γ−(V )
Γ+(S)

sample
fermionic
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reservoir

ϕ
δ0Uint

bosonic

Unitary dynamics: Uλ = Uint (Γ−(V ) ⊗ Γ+(S))

State: ωρ ⊗ ωK( ⋅ ) at time t = 0

,ωρ ⊗ ωK ∘ 𝒰λ( ⋅ )t at time t ∈ ℕ𝒰λ( ⋅ ) = U*λ ⋅ Uλ

Gaussian

Γ−(V )
Γ+(S)

sample
fermionic
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reservoir

ϕ
δ0Uint

bosonic

Unitary dynamics: Uλ = Uint (Γ−(V ) ⊗ Γ+(S))

State: ωρ ⊗ ωK( ⋅ ) at time t = 0

,ωρ ⊗ ωK ∘ 𝒰λ( ⋅ )t at time t ∈ ℕ𝒰λ( ⋅ ) = U*λ ⋅ Uλ

Effective dyn. on sample: 𝒯t : ℬ(ℱ−) → ℬ(ℱ−), t ∈ ℕ

∀X ∈ ℬ(ℱ−), ρ ∈ 𝒟ωρ(𝒯t(X)) = ωρ ⊗ ωK ∘ 𝒰t
λ(X ⊗ 𝕀)s.t.

Gaussian

Γ−(V )
Γ+(S)

sample
fermionic



Effective dynamics 
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Uint = e−iλT⊗(b0+b*0 )/ 2, b#
0 = b#(δ0)T = T* ∈ ℬ(ℱ−) ,Interaction:
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μBμ , μ ∈ ℝ ↔ Bμ ∈ ℬ(ℱ−)e.-val. e.-proj.
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Uint = e−iλT⊗(b0+b*0 )/ 2, b#
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μBμ , μ ∈ ℝ ↔ Bμ ∈ ℬ(ℱ−)e.-val. e.-proj.
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μ∈σ(T)

Bμ ⊗ W(−λμδ0)⇒

Ut
λ = (Uint (Γ−(V ) ⊗ Γ+(S)))tIteration:
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Uint = e−iλT⊗(b0+b*0 )/ 2, b#
0 = b#(δ0)T = T* ∈ ℬ(ℱ−) ,Interaction:
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j ∈ ℕ𝒱( ⋅ ) = Γ−(V−1) ⋅ Γ−(V ) Bμ
j = 𝒱j(Bμ), ,
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Uint = e−iλT⊗(b0+b*0 )/ 2, b#
0 = b#(δ0)T = T* ∈ ℬ(ℱ−) ,Interaction:

T = ∑
μ∈σ(T)

μBμ , μ ∈ ℝ ↔ Bμ ∈ ℬ(ℱ−)e.-val. e.-proj.

Weyl op.e−iλT⊗(b0+b*0 )/ 2 = ∑
μ∈σ(T)

Bμ ⊗ W(−λμδ0)⇒

Ut
λ = (Uint (Γ−(V ) ⊗ Γ+(S)))tIteration:

Ut
λ = Ut

0 ∑
μ1,…,μt∈σ(T)

Bμt
t …Bμ1

1 ⊗ W(−λμtδt)…W(−λμ1δ1)⇒

j ∈ ℕ𝒱( ⋅ ) = Γ−(V−1) ⋅ Γ−(V ) Bμ
j = 𝒱j(Bμ), ,



Effective dynamics 
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Uint = e−iλT⊗(b0+b*0 )/ 2, b#
0 = b#(δ0)T = T* ∈ ℬ(ℱ−) ,Interaction:

T = ∑
μ∈σ(T)

μBμ , μ ∈ ℝ ↔ Bμ ∈ ℬ(ℱ−)e.-val. e.-proj.

Weyl op.e−iλT⊗(b0+b*0 )/ 2 = ∑
μ∈σ(T)

Bμ ⊗ W(−λμδ0)⇒

Ut
λ = (Uint (Γ−(V ) ⊗ Γ+(S)))tIteration:

Ut
λ = Ut

0 ∑
μ1,…,μt∈σ(T)

Bμt
t …Bμ1

1 ⊗ W(−λμtδt)…W(−λμ1δ1)⇒

j ∈ ℕ𝒱( ⋅ ) = Γ−(V−1) ⋅ Γ−(V ) Bμ
j = 𝒱j(Bμ), ,

W(−λ ∑
1≤ j≤t

μjδj) 



Effective dynamics 
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Proposition: 𝒯t : ℬ(ℱ−) → ℬ(ℱ−), t ∈ ℕ

𝒯t(X) = ∑
μ,ν∈σ(T)t

Bμ1
1 ⋯Bμt

t 𝒱t(X)Bνt
t ⋯Bν1

1 exp{ −
λ2

4 ⟨Θμ−ν
t , K Θμ−ν

t ⟩}
μ = (μ1, …, μt), Θμ−ν

t = ∑
1≤ j≤t

(μj − νj)δj .

•  



Effective dynamics 
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Bosonic weight
K ≥ 𝕀

Proposition: 𝒯t : ℬ(ℱ−) → ℬ(ℱ−), t ∈ ℕ

𝒯t(X) = ∑
μ,ν∈σ(T)t
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μ − ν = 0

Rem:

⇒ = 1weight
≤ exp{ − λ2 ∑

μ≠ν

(μj − νj)2/4}μ − ν ≠ 0 ⇒ weight

⇝ large coupling exp.

Bosonic weight
K ≥ 𝕀

Proposition: 𝒯t : ℬ(ℱ−) → ℬ(ℱ−), t ∈ ℕ

𝒯t(X) = ∑
μ,ν∈σ(T)t

Bμ1
1 ⋯Bμt

t 𝒱t(X)Bνt
t ⋯Bν1

1 exp{ −
λ2

4 ⟨Θμ−ν
t , K Θμ−ν

t ⟩}
μ = (μ1, …, μt), Θμ−ν

t = ∑
1≤ j≤t

(μj − νj)δj .

•  

𝒯t is unital & CPTP •  
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Thm:

∥𝒯t(X) − (𝒱Φ)t(X)∥ ≤ C∥P<(X)∥e−λ2Δ2/4te−tγ/2

∃λ0 > 0

Δ = min
μ, ν ∈ σ(T )

μ ≠ ν

|μ − ν | ,

λ > λ0,

γ < min
|λk|<1

| ln |λk | | .

s.t. for all t ∈ ℕ,

Let

Then

Rem: error → 0 as t → ∞

⇝ large times approx.

𝒫◯ = ∑
|λk|=1

𝒫λkif accessible
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Set T = dΓ−(τ) = ∑
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Consequence:
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Rem: f1 ∧ f2 ∧ … ∧ fd := F s.t. T F = tr τ F{ Γ−(V ) F = detV F

if tr τ = 0, then Ω, F ∈ ker(T ) = ran(B0)

Φ( |F⟩⟨Ω | ) = |F⟩⟨Ω | & 𝒱( |F⟩⟨Ω | ) = det V |F⟩⟨Ω |

⇒ {1, detV, detV} ⊂ σ(𝒱Φ) ∩ 𝕊1
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Large times asympt.
Assumptions:
•  σ(𝒱)∖{1} is simple,  while 1 ∈ σ(𝒱) is dim ℱ− -fold deg.

⇒ σ(𝒱Φ) :
1 1or

σ(𝒱Φ) :

det V

det V

if tr τ ≠ 0 tr τ = 0if

X ∈ 𝒫1 ℬ(ℱ−)⇒ then X = ∑
0≤n≤d

xn 𝕀ℋ𝒢
∧n

𝕀ℋ𝒢
∧n xn ∈ ℂwhere proj. on ℋ𝒢

∧n ,

•  In the eigenbasis of Γ−(V ) ∈ ℬ(ℱ−) :
- all diag. elmts of all Bμ, μ ∈ σ(T ), are ≠ 0

each off-diag. position is      in some  Bμ≠ 0-
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Large times asympt.
Thm: Let ωρ( ⋅ ) = tr (ρ ⋅) ℬ(ℱ−)on (tr τ ≠ 0)
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Large times asympt.

where ρ∞ =
d

⨁
n=0

(d
n)

−1
trℋ∧n(ρ |ℋ∧n ) 𝕀ℋ∧n

lim
t→∞

ωρ(𝒯t(X)) = ωρ∞
(X)For λ > λ0 ∀X ∈ ℬ(ℱ−)•  
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Large times asympt.

Dep. initial cond.where ρ∞ =
d

⨁
n=0

(d
n)

−1
trℋ∧n(ρ |ℋ∧n ) 𝕀ℋ∧n

lim
t→∞

ωρ(𝒯t(X)) = ωρ∞
(X)For λ > λ0 ∀X ∈ ℬ(ℱ−)•  

•  If ρ = ρ |ℋ𝒢
∧n ⇒ ρ∞ ∝ 𝕀ℋ𝒢

∧n Gibbs state" β = 0"

Thm: Let ωρ( ⋅ ) = tr (ρ ⋅) ℬ(ℱ−)on (tr τ ≠ 0)

Rem: 𝒯*t ( ⋅ ) : 𝒟 → 𝒟 is CPTP & unital

⇒ S(ρ) ≤ S(𝒯*t (ρ)) ≤ S(ρ∞) ≤ ln(2d)

•  

⏳
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Large times asympt.
• Comparison:

sample

Γ−(V ) Γ−(S)

fermionic ϕ
δ0K

K = e−iλ(a*(ϕ)b(δ0)+h.c.)
reservoir

fermionic
quasifree

Hamza, J. '17, Raquépas '20

ρΔ
∞ is quasifree, of symbol 𝕆 ≤ Δ ≤ 𝕀⇒

ρΔ
∞ = det(𝕀 − Δ)

d

⨁
n=0

( Δ
𝕀 − Δ )

∧n

i.e.

indep. of ρ

Reminder: in the bosonic case

ρ∞ =
d

⨁
n=0

(d
n)

−1
trℋ∧n(ρ |ℋ∧n ) 𝕀ℋ∧n

for λ > λ0

dep. on ρ
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