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Norms

Take a reference A (for instance when H = —A + v, A= +/—A) then on
operators present in the Hamiltonian (electomagnatic potentials etc)

IHl, = [ATHATH = AT HAT

on vectors of §3,

[¥le = 1A¥]

and on density matrices,

ITle == [ATA] .
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Building the reduced space

Lemme

Take (p1,...,¢,) € H to be a basis of the unperturbed space
@),—1 Ker (H(0) — E,(0)). Then

l
0<n<l <n<t
- im 7 = Span ((07)75)5,) = Span (@355 )
n=0
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Kato-Rellich's theorem

o(H())) o(PHONP) g )
E(), 6(\) £ ¥(N)
S S TR v
HA) =Y ATH™,  ¢(A) =Y A"¢"
n=0 n=0

VA+PT :|¢" € P |forall n € {0,..., ¢}

¢(0) e PH = PH(0)P¢(0) = E(0)$(0)
— (E(0),#(0)) is an eigenmode of (PH(O)P)‘Pﬁ_}Pﬁ
— there exists (£()), ¥()\)) eigenmode of (PH(A)P)‘Pﬁ_}W) such that

(£(0),4(0)) = (£(0), 4(0))
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Coupling variational approximation and perturbation theory Coupling VA+PT

Main computation to quantify the error

General VA error : d(\) —(A) = (1 + ROVHN) PLo(N) + ...
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Coupling variational approximation and perturbation theory Coupling VA+PT

Main computation to quantify the error

General VA error : d(N) — p(\) = (1 + RNHN)) PLo(N) +
+oo +o0
PJ_¢ PJ_ Z nqbn ¢n_ Z )\nPJ_QSn — AE+1 Z )\nf(f+1)7jj_¢n

n=0 V0<n<£ n=(+1 n={(+1

$(N) = ¥(A) = (1+ RVHN) Po(A) + ...
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Coupling variational approximation and perturbation theory Coupling VA+PT

Main computation to quantify the error

General VA error : d(N) — p(\) = (1 + RNHN)) PLo(N) +

+oo +o0
'PL(ﬁ PJ_ Z n¢n ¢,,_ Z )\nzPJ_QSn — )\t Z )\nf(€+1)fpj_¢n

n=0 V0<n<£ n=(+1 n={(+1

o) = () = (1+ RAHN)) Po(A) + ...
= A" (1 + R(0)H(0)) ¢ + O(A?)

20/ 44



Coupling variational approximation and perturbation theory Coupling VA+PT

Statement and comparision to perturbation theory

Corollaire (VA4+PT bound for vectors, (G., Stamm 2024))
If " € P$ for all n € {0,...,¢},

I6(3) = e = N 1+ RO)H(©) P62 | + 0 ((1A16)"*?)
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Corollaire (VA4+PT bound for vectors, (G., Stamm 2024))
If " € P$ for all n € {0,...,¢},

I6(3) = e = N 1+ RO)H(©) P62 | + 0 ((1A16)"*?)

¢" =" for all n € {0,...,0}, ¥ = (P — R(O)H(0)P+L) ¢'+!
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Coupling variational approximation and perturbation theory Coupling VA+PT

Statement and comparision to perturbation theory

Corollaire (VA4+PT bound for vectors, (G., Stamm 2024))
If " € P$ for all n € {0,...,¢},

I6(3) = e = N 1+ RO)H(©) P62 | + 0 ((1A16)"*?)

¢" =" for all n € {0,...,0}, ¥ = (P — R(O)H(0)P+L) ¢'+!

Corollaire (VA4+PT bound for clusters, (G., Stamm 2024))
IfimI" C P$ for all n € {0, ..., ¢},

> (14 Ru(0)H(0)) PHTH Py o) + 5.2
pn=1

IFO) = AL = N

+0((A0)7?)
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Coupling variational approximation and perturbation theory Coupling VA+PT

Comparison to perturbation theory

VA+PT :

I6(3) = v = N2+ RO)H(©) P62 | + 0 (1A 5)*?)
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Coupling variational approximation and perturbation theory Coupling VA+PT

Comparison to perturbation theory

VA+PT :
I6(3) = v = N2+ RO)H(©) P62 | + 0 (1A 5)*?)
Perturbation theory (PT) :

0 =0 = o1 0 (5
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Coupling variational approximation and perturbation theory Coupling VA+PT

Comparison to perturbation theory

VA+PT :
I6(3) = v = N2+ RO)H(©) P62 | + 0 (1A 5)*?)
Perturbation theory (PT) :
16(A) = o)1 = Ao + 0 ((1A16)2)

Asymptotic comparison :

& tim 1O =€ o] e
=350 lo(A\) — (M)~ [(1+ R(0O)H(0)) PLop+1| — [PLot+!|
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Coupling variational approximation and perturbation theory Coupling VA+PT

Simulations
)
— Vl
_2 -y
—_ V2
__.u2
-4

-2 0 2

H = —-A+Vy,  H'=Vv, H? =V,
2
H(A)=>_AH", P =Span(¢",0< n<{)
n=0
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Coupling variational approximation and perturbation theory Coupling VA+PT

10°]
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=[N ='W/ 160)].
~lo(N) = NI/ 16(0)].
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Coupling variational approximation and perturbation theory Coupling VA+PT

10

10°]

10754 and

5|
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Coupling VA+PT
VA+PT vs VA-+excited states

PP (N) for
span ((6")5-o)

(A for
Span ((¢,,(0)),,)
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Coupling variational approximation and perturbation theory Coupling VA+PT

VA+PT vs VA+excited states

10"

B=
—0 —3 —10 —20 —30 —40 50

PP (N) for
span ((6")5-o)

(A for
Span ((¢,,(0)),,)

R0 =)L),
o) = W)L/ 19(0)]
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Coupling variational approximation and perturbation theory Coupling VA+PT

VA+PT vs VA+excited states

10"

B=
—0 —3 —10 —20 —30 —40 50

PP (N) for
span ((6")5-o)

p(A) for

| Span ((6.(0))o)
—llp(A) = NI/ 16(0)] .
o) = W[/ 19(0)]. VA+PT 3 =3

10 R VA+ES § =18

1072
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Application to multiperiodic graphene

Sommaire

© Application to multiperiodic graphene
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Application to multiperiodic graphene

Graphene variants

Monolayer —A + v(x)
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Application to multiperiodic graphene

Graphene variants

Monolayer —A + v(x)

Bilayer —A+ Ryrav(x) + R_gT_gqv(x)

Deformed —A + v (x —&(ex))
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Scaling in physics

v being Q-periodic
—A + v(x) + V(ex), £71Q — periodic
with X = ex, physicists derive

v|:0~(—iVX)—|—%V(X), VP ERL, v~ 11 eV (1)
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Scaling in physics
v being Q-periodic
—A + v(x) + V(ex), £71Q — periodic
with X = ex, physicists derive
veo - (—iVx) + 1V(X), VF ERy, Ve~ 11 eV (1)

Rigorous way : start from

—A + v(x) +eV(ex)
derive

veo - (—iVx) + V(X).

A posteriori one can do V < 71V to get (1).
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Application to multiperiodic graphene

Literature

e Wallace (1946), from tight-binding, massless Dirac around K,
. 0 —i 01
VFO - (—IV) = VF (0181 + 0282), o1 = (I 01)] oo = (1 O)
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Application to multiperiodic graphene

Literature

e Wallace (1946), from tight-binding, massless Dirac around K,

. —i 1
VFO - (—IV) = VF (0181 + 0282), o1 = ((I) 01)] o9 = <(1) O)
o Fefferman-Weinstein (2012) studied —A + v(x)

where v is periodic, R2xzv = v, v(—x) = v(x)
3
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Application to multiperiodic graphene

Literature

e Wallace (1946), from tight-binding, massless Dirac around K,
) 0 —i 01
VFO - (—IV) = VF (0161 + 0262), o1 = <I 01)] o9 = (1 0)
o Fefferman-Weinstein (2012) studied —A + v(x)
where v is periodic, Rz v = v, v(—x) = v(x)
3

5] =S 5
\
)
7
I

B |

P2

fiigi
-

lu
4
[ /
By i

o E(K + k) — Er = = v |k| + O(K?)
o Ker | (—A+ V)‘Li(RZ) — Er | = Span{y1, 2}

where Rarj = ei%ﬂj@j. PCp1 = 2
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Fefferman-Weinstein (2014)

Take
0 i0ip=(—A+Vv)o
e i0ra=vio - (—iV)x
o (t,x) = e tEF Z_?:l eaj(et,ex)pj(x)
Assume ¢(0, x) = (0, x).
Théoreme (Fefferman & Weinstein (2014))
Then for any 1 > 0, there exists T > 0 such that

H (1 + ‘Vx‘ ) (¢ - w)HLf(Rz) = 0:—0 (57)

uniformly in t € [0,e72FH].

Fefferman & Weinstein, Wave packets in honeycomb structures and two-dimensional Dirac equations (2014)
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Fefferman-Weinstein (2014)

Take
@ i0:p = (—A+v)p+eV(ex)p
e i0ra=vio - (—iV)a+Va
o (t,x) = e tEF Z_?:l eaj(et,ex)pj(x)
Assume ¢(0, x) = (0, x).
Théoreme (Fefferman & Weinstein (2014))
Then for any 1 > 0, there exists T > 0 such that

H (1 + ‘Vx‘ ) (¢ - w)HLf(Rz) = 0:—0 (57)

uniformly in t € [0,e72FH].

Fefferman & Weinstein, Wave packets in honeycomb structures and two-dimensional Dirac equations (2014)

31/44




Application to multiperiodic graphene

Increasing ¢

Exact operator —A + v(x) on e71Q (V = 0)
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Application to multiperiodic graphene

Increasing ¢

Exact operator —A + v(x) on e71Q (V = 0)

— lsospectral result is hard
= Dynamic results or on eigenfunctions
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Application to multiperiodic graphene

Existing methods are not precise

Exact operator —A + v(x) on e71Q, V=0, ¢
Effective operator veo - (—iV) 4+ e(—A)

LN

i modESef-23 ex=28 —
Nbands of ef—}G 5ex=20.7
\ i

1
5
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Application to multiperiodic graphene

Searching more precise effective operator

Given a familly F = {f1, ..., fu} of microscopic functions in L% (R?), build
the variational space

Vi= { S cas(x)f(x) | g € S(R?)} = SR RM)

34 /44



Application to multiperiodic graphene

Searching more precise effective operator

Given a familly F = {f1, ..., fu} of microscopic functions in L% (R?), build
the variational space

Vi= { S cas(x)f(x) | g € S(R?)} = SR RM)

J

Define
HY = (=iV + K + ek)® + v + eV(ex),
and Ja = Zj‘il eaj(ex)fi(x). Then
(78, H Ta) = (B, Hlga ) + O(=)
i.e. J*H*J converges weakly to HX..
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Application to multiperiodic graphene

We can expect : if

° (Hk — Ek) ¢=0

o (Hg— Eg)a =0

o ¥(x) =Y, caj(ex)fi(x) = Ta
Then

EF — E°~ EX — ES

(S (S
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Application to multiperiodic graphene

We always choose F = {¢1,¥2,...}, so
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Application to multiperiodic graphene

We always choose F = {¢1,¥2,...}, so
0 0 veo T
_ 1 F =iV
Heye = ¢ (0 M>®1+<T* L) ®( ! )

+<$ g>®V+e<é g>®(—A).
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Application to multiperiodic graphene

We always choose F = {¢1,¥2,...}, so
4 (0 0 wo T\ _, .
Heff = € (0 ) @t ) e=iv)
10 10
+<0 5>®V+e<0 5)@(—A).

e Choosing F = {1, 2} gives Hef = vro(—iV) +e(—A) + V
(Cancgs, G., Gontier 2023)
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We always choose F = {¢1,¥2,...}, so

T .
Hug = e} (8 /\04> @1+ (V;G L) - ®(—iV)
1 1
+ (0 g) @V+e <0 g) ® (—A4).

e Choosing F = {1, 2} gives Hef = vro(—iV) +e(—A) + V
(Cancgs, G., Gontier 2023)
o Note ()« the eigenfunction such that

(A +v— Ek)‘Lf(Rz)(SDj)k =0 for j € {1,2}
Choosing F = {¢1, ¢2, g (¢1)x(K), g (w2)(K)} gives

t rei20k t r/ei29k
M= — re— 20k ¢ ) S= e~ i20k ¢ >

: Ko+ ik
where e/ .= XIJ/:I Y and

rl — soy) & reifi (1
T = ( o, 21) K ( ) c | 5 additional parameters
re” "% (1) (r1+502)ﬁ 2640



Application to multiperiodic graphene

o Choosing F = {¢1, v2, Ok, (¥1)k, Ok, (1) k> Ok, (02) k> Ok, (02) K}

S_ tl+s'os r'D M~ _ (L s rD
o r'D* tl —s'oy )’ o rD* tl — soo

where D = <1 ! ) and
i =1
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Application to multiperiodic graphene

o Choosing F = {¢1, v2, Ok, (¥1)k, Ok, (1) k> Ok, (02) k> Ok, (02) K}

S_ tl+s'os r'D M~ _ (L s rD
o r'D* tl —s'oy )’ o rD* tl — soo

where D = <1 ! ) and
i =1

6 additional parameters
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Application to multiperiodic graphene

Varying ¢

Exact operator —A + v(x) (V =0), ¢ = %
Effective operator

P=0 ~ — =
Eoidndeg <
_ind ndent
i_modes’ef=23 ex=28 N/
Nbands of ef=26.5ex=20.7  \/
Ik r Y )

(=0
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Application to multiperiodic graphene

Increasing V/

Exact operator —A 4 v(x) + eAV(ex), e = &

Effective operator with £ = 2
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Application to multiperiodic graphene

Decreasing ¢

Effective operator with £ =1

N 7 e=11100 £=11200 "~ e=1110000 e
X e=1 e=1
. V=0.57=1 V=05 7=1
=k_independent > k:independent K_independent k_independent
i_modes eff=62 i_mades eff=49 i_modes eff=49 i_modes eff=49
Nbands of eff=24.1 Nbands.of eff=10.9, lbands of eff=7.5 Nbands of eff=6.9” _—
I r N I Ik 2
5_*1 5_71 5_71 6_71
25 100 200 10000
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Application to multiperiodic graphene

Schur the effective operator

Exact operator —A + v(x) +V(ex), € = &
Schured effective operator with £ = 2

veo - (=iV) + V + +e (=A) + T - (=iV)(M™1T*) - (—iV))

A
\
\
\»
~" >< :
N\
/
\Zé\/ ~ et \/ \
M~ N N
v 0520 Va v 05; =0
k. d
medep ; enl granas” 57:\ lsﬁsz‘:s eef;‘ =52 exa=28 ’\ -
N ,_fx{}o, Nc nds.of eff315.2 exa=20.6 |
Not Shured Schured
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Application to multiperiodic graphene

General principle for deriving effective systems

We have the exact solution when k =0, V = 0. So there are 2 sources of
error. In simulations we see

l6— vl < Ce (JV] +c|kI*)

. o
10 102 107"  10° 10 1061051010 10210-' 10° 10°
A \Y%
|k| varies |V| varies
— (=0 - l=1ky, —Ll=1Lky =2k, =—{=2k,, =0 eigenstates states at K
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Application to multiperiodic graphene

General principle for deriving effective systems

¢ exact and 1) approximated

|6 — vl < Ce

One can work to obtain :
@ large n, using perturbation theory

e small C, using variational approximation
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Application to multiperiodic graphene

General principle for deriving effective systems

¢ exact and 1) approximated

|6 — vl < Ce

One can work to obtain :
@ large n, using perturbation theory
e small C, using variational approximation

VA+PT can improve both of them at the same time
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Application to multiperiodic graphene

Conclusions

@ Coupling perturbation theory and variational approximation
@ Simulations on graphene :

effective graphene isospectral description is hard

Dirac operator converges slowly to exact operator

We don't want to go at further order in ¢

“augmented” Dirac gives the right bands quickly in ¢
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