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Coupling variational approximation and perturbation theory Motivation

Motivation

H(λ) =
N∑
j=1

(−∆j + v(xj)) + λ
∑

1⩽i<j⩽N

w(xi − xj) = H0 + λH1

Know everything at λ = 0, nothing at λ ̸= 0

inf
ψ∈H

⟨ψ,H(λ)ψ⟩ −→ inf
ψ∈PH

⟨ψ,H(λ)ψ⟩ , P projector

Call (E (λ), ϕ(λ)) the non-degenerate ground eigenpair of H(λ)

Span
(( dn

dλnϕ(λ)
)
λ=0

, 0 ⩽ n ⩽ ℓ
)
⊂ PH

• Noor, Lowder, “Approximate techniques of structural reanalysis”, 1974

• Frame, He, Ipsen, Lee, Lee, Rrapaj, “Eigenvector Continuation with Subspace Learning”, 2018

• G., Stamm, “On reduced basis methods for eigenvalue problems, and on its coupling with perturbation theory”,

2024
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Coupling variational approximation and perturbation theory Motivation

Norms

Take a reference A (for instance when H = −∆+ v , A =
√
−∆) then on

operators present in the Hamiltonian (electomagnatic potentials etc)

||H||p :=
∣∣∣∣A−1HA−1∣∣∣∣ = ∣∣∣∣A−1HA−1∣∣∣∣

H→H

on vectors of H,

||ψ||e := ||Aψ||

and on density matrices,

||Γ||e := ||AΓA|| .
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Coupling variational approximation and perturbation theory Variational approximation (VA)

Effective system

Variational approximation, reduced basis, projected space, Galerkin,
Rayleigh-Ritz, eigenvector continuation, ...

��H −→ PH, P orthogonal projector

The effective system for H is PHP ?

← 0, from P⊥H

σ (PHP) σ
(
(PHP)

PH→PH

)

The effective system for H is (PHP)
PH→PH

8 / 44



Coupling variational approximation and perturbation theory Variational approximation (VA)

Effective system

Variational approximation, reduced basis, projected space, Galerkin,
Rayleigh-Ritz, eigenvector continuation, ...

��H −→ PH, P orthogonal projector

The effective system for H is PHP ?

← 0, from P⊥H

σ (PHP) σ
(
(PHP)

PH→PH

)

The effective system for H is (PHP)
PH→PH

8 / 44



Coupling variational approximation and perturbation theory Variational approximation (VA)

Effective system

Variational approximation, reduced basis, projected space, Galerkin,
Rayleigh-Ritz, eigenvector continuation, ...

��H −→ PH, P orthogonal projector

The effective system for H is PHP ?

← 0, from P⊥H

σ (PHP) σ
(
(PHP)

PH→PH

)

The effective system for H is (PHP)
PH→PH

8 / 44



Coupling variational approximation and perturbation theory Variational approximation (VA)

Effective system

Variational approximation, reduced basis, projected space, Galerkin,
Rayleigh-Ritz, eigenvector continuation, ...

��H −→ PH, P orthogonal projector

The effective system for H is PHP ?

← 0, from P⊥H

σ (PHP)

σ
(
(PHP)

PH→PH

)

The effective system for H is (PHP)
PH→PH

8 / 44



Coupling variational approximation and perturbation theory Variational approximation (VA)

Effective system

Variational approximation, reduced basis, projected space, Galerkin,
Rayleigh-Ritz, eigenvector continuation, ...

��H −→ PH, P orthogonal projector

The effective system for H is PHP ?

← 0, from P⊥H

σ (PHP) σ
(
(PHP)

PH→PH

)

The effective system for H is (PHP)
PH→PH

8 / 44



Coupling variational approximation and perturbation theory Variational approximation (VA)

Effective system

Variational approximation, reduced basis, projected space, Galerkin,
Rayleigh-Ritz, eigenvector continuation, ...

��H −→ PH, P orthogonal projector

The effective system for H is PHP ?

← 0, from P⊥H

σ (PHP) σ
(
(PHP)

PH→PH

)

The effective system for H is (PHP)
PH→PH

8 / 44



Coupling variational approximation and perturbation theory Variational approximation (VA)

Error, non-degenerate case

(E , ϕ) an eigenmode of H
(E , ψ) an eigenmode of (PHP)

PH→PH

R the pseudo-inverse for the effective system at E

Proposition (G., Stamm 2024)

In a gauge where ⟨ψ, ϕ⟩ ∈ R,

ϕ− ψ = (1 + RH)P⊥ϕ− 1
2 ||ϕ− ψ||

2 ψ + (E − E )R (ϕ− ψ)

= (1 + RH)P⊥ϕ+ O
(
||ϕ− ψ||2

)
• Babuška, Osborn, 1991
• Machiels, Maday, Oliveira, Patera, Rovas, 2000
• Fumagalli, Manzoni, Parolini, Verani, 2016
• Taumhas, Dusson, Ehrlacher, Lelièvre, Madiot, 2023
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Coupling variational approximation and perturbation theory Variational approximation (VA)

Error, degenerate case

(Eµ, ϕµ)
ν
µ=1 eigs H Γ :=

∑ν
µ=1 |ϕµ⟩ ⟨ϕµ|

(Eµ, ψµ)νµ=1 eigs (PHP)
PH→PH

Λ :=
∑ν

µ=1 |ψµ⟩ ⟨ψµ|

Proposition (G., Stamm 2024)

Similarly,

Γ− Λ =
ν∑

µ=1

(
(1 + HRµ)P⊥ΓPψµ + s.a

)
+Ω, where ||Ω|| ⩽ c ||Γ− Λ||2 .

• Horger, Wohlmuth, Dickopf, 2017
• Cancès, Dusson, Maday, Stamm, Vohralík, 2020
• Boffi, Halim, Priyadarshi, 2023
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Coupling variational approximation and perturbation theory Perturbation theory (PT)

Perturbation theory for vectors

H(λ) =
+∞∑
n=0

λnHn,

H(λ)ϕ(λ) = E (λ)ϕ(λ)

E (λ) =
+∞∑
n=0

λnEn, ϕ(λ) =
+∞∑
n=0

λnϕn

Define the partial inverse K :=
(
(E (0)− H(0))

P⊥
ϕ(0)H→P⊥

ϕ(0)H

)−1

Φ(λ) := ϕ(λ)
⟨ϕ(0),ϕ(λ)⟩ , Φ(λ) =

∑+∞
n=0 λ

nΦn, Φn ⊥ Φ0

Qn := (Hn − En) +
∑n−1

s=1(H
n−s − En−s)KQs , Φn = KQnΦ0

Need bound on Φn
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Coupling variational approximation and perturbation theory Perturbation theory (PT)

A lemma on Cauchy square series

Lemme (Cauchy square series)

Take β > 0, x1 := 1 and

xn := β

n−1∑
s=1

xn−sxs .

Then xn ⩽

(
2ζ
(3

2

)
β
)n−1

n
3
2

.

Conjecture

xn

π−
1
2 (4β)n−1n−

3
2
−→

n→+∞
1.

Lemme
Assume sup

n∈N
||Hn||p < +∞. There exists a, b > 0 such that ∀n ∈ N

|En|+ ||ϕn|| ⩽ abn
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Perturbation theory for density matrices

H(λ) =
+∞∑
n=0

λnHn, Γ(λ) :=
ν∑

µ=1

∣∣ϕµ(λ)〉〈ϕµ(λ)∣∣ = +∞∑
n=0

λnΓn

Defining Kµ :=
(
(Eµ(0)− H(0))

P⊥
ϕµ(0)H→P⊥

ϕµ(0)H

)−1, we have

Γn =
n−1∑
k=1

((
Γ0)⊥ Γn−kΓk

(
Γ0)⊥ − Γ0Γn−kΓkΓ0

)

+

 ν∑
µ=1

Kµ
(
Γ0)⊥ n−1∑

k=0

[Hn−k , Γk ]Γ0Pϕµ + s.a


• McWeeny, “Perturbation theory for the Fock-Dirac density matrix”, 1962

Lemme
There exists a, b > 0 such that ||Γn|| ⩽ abn
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Building the reduced space

Lemme
Take (φ1, . . . , φν) ∈ H to be a basis of the unperturbed space
⊕νµ=1 Ker (H(0)− Eµ(0)). Then

ℓ

+
n=0

Im Γn = Span
((
ϕnµ
)0⩽n⩽ℓ
1⩽µ⩽ν

)
= Span

(
(Γnφµ)

0⩽n⩽ℓ
1⩽µ⩽ν

)
.
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Quantifying the perturbation approximation

H(λ) =
+∞∑
n=0

λnHn

Exact eigenvector : ϕ(λ) =
+∞∑
n=0

λnϕn,

Perturbative approximation : φ(λ) :=
ℓ∑

n=0

λnϕn

||ϕ(λ)− φ(λ)|| =

∣∣∣∣∣
∣∣∣∣∣

+∞∑
n=ℓ+1

λnϕn

∣∣∣∣∣
∣∣∣∣∣ = |λ|ℓ+1

∣∣∣∣∣∣ϕℓ+1
∣∣∣∣∣∣ + O(λℓ+2)
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Global intuition

Exact eigenvector : ϕ(λ) = ϕ0 + λϕ1 + λ2ϕ2 + O(λ3)

λ0 λ0−λ0

σ(H(λ))

E (λ), ϕ(λ)

λ0 λ0−λ0

σ
(
(PH(λ)P)

PH→PH

)
E(λ), ψ(λ)

∀n ∈ J0, ℓK, ϕn ∈ PH
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Kato-Rellich’s theorem

λ0 λ0−λ0

σ(H(λ))

E (λ), ϕ(λ)

•

λ0 λ0−λ0

σ
(
(PH(λ)P)

PH→PH

)
E(λ), ψ(λ)

•

H(λ) =
+∞∑
n=0

λnHn, ϕ(λ) =
+∞∑
n=0

λnϕn

VA+PT : ϕn ∈ PH for all n ∈ {0, . . . , ℓ}

ϕ(0) ∈ PH =⇒ PH(0)Pϕ(0) = E (0)ϕ(0)
=⇒ (E (0), ϕ(0)) is an eigenmode of (PH(0)P)

PH→PH
=⇒ there exists (E(λ), ψ(λ)) eigenmode of (PH(λ)P)

PH→PH
such that

(E(0), ψ(0)) = (E (0), ϕ(0))
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Kato-Rellich’s theorem
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E (λ), ϕ(λ)
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σ
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)
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Coupling variational approximation and perturbation theory Coupling VA+PT

Main computation to quantify the error

General VA error : ϕ(λ)− ψ(λ) = (1 + R(λ)H(λ))P⊥ϕ(λ) + . . .

P⊥ϕ(λ) = P⊥
+∞∑
n=0

λnϕn =
ϕn∈PH
∀0⩽n⩽ℓ

+∞∑
n=ℓ+1

λnP⊥ϕn = λℓ+1
+∞∑

n=ℓ+1

λn−(ℓ+1)P⊥ϕn

ϕ(λ)− ψ(λ) = (1 + R(λ)H(λ))P⊥ϕ(λ) + . . .

= λℓ+1 (1 + R(0)H(0))P⊥ϕℓ+1 + O(λℓ+2)
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Coupling variational approximation and perturbation theory Coupling VA+PT

Statement and comparision to perturbation theory

Corollaire (VA+PT bound for vectors, (G., Stamm 2024))

If ϕn ∈ PH for all n ∈ {0, . . . , ℓ},

||ϕ(λ)− ψ(λ)|| = |λ|ℓ+1
∣∣∣∣∣∣(1 + R(0)H(0))P⊥ϕℓ+1

∣∣∣∣∣∣ + O
(
(|λ| b)ℓ+2

)

ϕn = ψn for all n ∈ {0, . . . , ℓ}, ψℓ+1 =
(
P − R(0)H(0)P⊥)ϕℓ+1

Corollaire (VA+PT bound for clusters, (G., Stamm 2024))

If Im Γn ⊂ PH for all n ∈ {0, . . . , ℓ},

||Γ(λ)− Λ(λ)|| = |λ|ℓ+1

∣∣∣∣∣∣
∣∣∣∣∣∣
ν∑

µ=1

(1 + Rµ(0)H(0))P⊥Γℓ+1Pϕµ(0) + s.a

∣∣∣∣∣∣
∣∣∣∣∣∣

+ O
(
(|λ| b)ℓ+2

)
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Coupling variational approximation and perturbation theory Coupling VA+PT

Comparison to perturbation theory

VA+PT :

||ϕ(λ)− ψ(λ)|| = |λ|ℓ+1
∣∣∣∣∣∣(1 + R(0)H(0))P⊥ϕℓ+1

∣∣∣∣∣∣ + O
(
(|λ| b)ℓ+2

)

Perturbation theory (PT) :

||ϕ(λ)− φ(λ)|| = |λ|ℓ+1
∣∣∣∣∣∣ϕℓ+1

∣∣∣∣∣∣ + O
(
(|λ| b)ℓ+2

)
Asymptotic comparison :

ξℓ := lim
λ→0

||ϕ(λ)− φ(λ)||
||ϕ(λ)− ψ(λ)||

=

∣∣∣∣ϕℓ+1
∣∣∣∣

||(1 + R(0)H(0))P⊥ϕℓ+1||
≃

∣∣∣∣ϕℓ+1
∣∣∣∣

||P⊥ϕℓ+1||
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Coupling variational approximation and perturbation theory Coupling VA+PT

Simulations

−2 0 2

−4

−2

0 V0

u0

V1

u1

V2

u2

H0 = −∆+ V0, H1 = V1, H2 = V2

H(λ) =
2∑

n=0

λnHn, PH = Span (ϕn, 0 ⩽ n ⩽ ℓ)
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Coupling variational approximation and perturbation theory Coupling VA+PT

𝜆
10−0.5 100.0 100.5 101

10−10

10−5

100

‖𝜙(𝜆) − 𝜓ℓ(𝜆)‖e/‖𝜙(0)‖e
‖𝜙(𝜆) − 𝜑ℓ(𝜆)‖e/‖𝜙(0)‖e

ℓ = 
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Coupling variational approximation and perturbation theory Coupling VA+PT

ℓ
5 10 15

10−5

100

105

ℓ
5 10 15

105

1010

1015

𝜉RBM + PT,ℓ
non − deg

𝜉PT,ℓ
non − deg

𝜉ℓ

𝜉ℓ
simple∣∣∣∣∣∣P⊥ϕℓ+1

∣∣∣∣∣∣ and
∣∣∣∣∣∣ϕℓ+1

∣∣∣∣∣∣
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Coupling variational approximation and perturbation theory Coupling VA+PT

VA+PT vs VA+excited states

𝜆
100 101 102

10−2

10−1

100

101

‖𝜙(𝜆) − 𝜓𝛽(𝜆)‖e/‖𝜙(0)‖e
‖𝜙(𝜆) − 𝜓𝛽(𝜆)‖e/‖𝜙(0)‖e

β = 

0 3 10 20 30 40 50

ψβ(λ) for

Span
(
(ϕn)βn=0

)
ψβ(λ) for

Span
(
(ϕµ(0))

β
µ=0

)

VA+PT β = 3
⇐⇒

VA+ES β = 18
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Application to multiperiodic graphene

Sommaire

1 Coupling variational approximation and perturbation theory
Motivation
Variational approximation (VA)
Perturbation theory (PT)
Coupling VA+PT

2 Application to multiperiodic graphene
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Application to multiperiodic graphene

Graphene variants

Monolayer −∆+ v(x)

Bilayer −∆+Rθτdv(x) +R−θτ−dv(x)

Deformed −∆+ v (x − ξ(εx))

Multi-periodic −∆+ v(x) + V (εx)
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Application to multiperiodic graphene

Scaling in physics

v being Ω-periodic

−∆+ v(x) + V (εx), ε−1Ω− periodic

with X = εx , physicists derive

vFσ · (−i∇X ) +
1
εV (X ), vF ∈ R+, vF ∼ 11 eV (1)

Rigorous way : start from

−∆+ v(x) + εV (εx)

derive

vFσ · (−i∇X ) + V (X ).

A posteriori one can do V ← ε−1V to get (1).
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Application to multiperiodic graphene

Literature

Wallace (1946), from tight-binding, massless Dirac around K ,

vFσ · (−i∇) = vF (σ1∂1 + σ2∂2), σ1 :=

(
0 −i
i 0

)
, σ2 :=

(
0 1
1 0

)

Fefferman-Weinstein (2012) studied −∆+ v(x)
where v is periodic, R 2π

3
v = v , v(−x) = v(x)

φ1, φ2

E (K + k)− EF = ±vF |k|+ O(k2)

Ker

(
(−∆+ v)

L2
K (R

2)
− EF

)
= Span{φ1, φ2}

where R 2π
3
φj = e i

2πj
3 φj , PCφ1 = φ2
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Application to multiperiodic graphene

Fefferman-Weinstein (2014)

Take
i∂tϕ = (−∆+ v)ϕ

+εV (εx)ϕ

i∂Tα = vFσ · (−i∇)α

+Vα

ψ(t, x) := e−itEF
∑2

j=1 εαj(εt, εx)φj(x)

Assume ϕ(0, x) = ψ(0, x).

Théorème (Fefferman & Weinstein (2014))

Then for any µ > 0, there exists τ > 0 such that∣∣∣∣(1 + |∇x |
)
(ϕ− ψ)

∣∣∣∣
L2
x (R2)

= oε→0 (ε
τ )

uniformly in t ∈ [0, ε−2+µ].

Fefferman & Weinstein, Wave packets in honeycomb structures and two-dimensional Dirac equations (2014)
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Application to multiperiodic graphene

Increasing ε

Exact operator −∆+ v(x) on ε−1Ω (V = 0)
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Application to multiperiodic graphene

Increasing ε

Exact operator −∆+ v(x) on ε−1Ω (V = 0)
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Application to multiperiodic graphene

Existing methods are not precise

Exact operator −∆+ v(x) on ε−1Ω, V = 0, ε = 1
5

Effective operator vFσ · (−i∇) + ε(−∆)
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Application to multiperiodic graphene

Searching more precise effective operator

Given a familly F = {f1, . . . , fM} of microscopic functions in L2
K (R

2), build
the variational space

V :=
{∑M

j=1 εαj(εx)fj(x) | αj ∈ S(R2)
}
≃ S2(R2,RM)

Define

Hk := (−i∇+ K + εk)2 + v + εV (εx),

and Jα :=
∑M

j=1 εαj(εx)fj(x). Then〈
J β,HkJα

〉
=
〈
β,Hk

effα
〉
+ O(ε∞)

i.e. J ∗HkJ converges weakly to Hk
eff.
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Application to multiperiodic graphene

We can expect : if(
Hk − E k

)
ϕ = 0

(Hk
eff − E k

eff)α = 0

ψ(x) :=
∑M

j=1 εαj(εx)fj(x) = Jα
Then

E k − E 0 ≃ E k
eff − E 0

eff, ϕ ≃ ψ
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Application to multiperiodic graphene

We always choose F = {φ1, φ2, . . . }, so

Heff = ε−1
(

0 0
0 M

)
⊗ 1 +

(
vFσ T
T ∗ L

)
· ⊗(−i∇)

+

(
1 0
0 S

)
⊗ V + ε

(
1 0
0 S

)
⊗ (−∆).

Choosing F = {φ1, φ2} gives Heff = vFσ(−i∇) + ε(−∆) + V
(Cancès, G., Gontier 2023)
Note (φj)k the eigenfunction such that
(−∆+ v − Ek)

L2
k (R

2)
(φj)k = 0 for j ∈ {1, 2}

Choosing F = {φ1, φ2,
d
dk (φ1)k(K ), d

dk (φ2)k(K )} gives

M = −
(

t re i2θk

re−i2θk t

)
, S =

(
t ′ r ′e i2θk

r ′e−i2θk t ′

)
, ...

where e iθk :=
kx+iky
|k| , and

T =

(
(r1− sσ2)

k
|k| re iθk

(
1
i

)
re−iθk

(
1
−i

)
(r1 + sσ2)

k
|k|

)
, 5 additional parameters
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Application to multiperiodic graphene

Choosing F = {φ1, φ2, ∂kx (φ1)k , ∂ky (φ1)k , ∂kx (φ2)k , ∂ky (φ2)k},

S =

(
t1 + s ′σ2 r ′D
r ′D∗ t1− s ′σ2

)
, M = −

(
t1 + sσ2 rD

rD∗ t1− sσ2

)

where D :=

(
1 i
i −1

)
, and

T 1 =

(
t −is r ir
r −ir t is

)
, T 2 =

(
is t ir −r
−ir −r −is t

)

6 additional parameters
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Application to multiperiodic graphene

Varying ℓ

Exact operator −∆+ v(x) (V = 0), ε = 1
5

Effective operator
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Application to multiperiodic graphene

Increasing V

Exact operator −∆+ v(x) + ελV (εx), ε = 1
5

Effective operator with ℓ = 2
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Application to multiperiodic graphene

Decreasing ε

Effective operator with ℓ = 1
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Application to multiperiodic graphene

Schur the effective operator

Exact operator −∆+ v(x) + εV (εx), ε = 1
5

Schured effective operator with ℓ = 2

vFσ · (−i∇) + V ++ε
(
(−∆) + T · (−i∇)(M−1T ∗) · (−i∇)

)
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Application to multiperiodic graphene

General principle for deriving effective systems

We have the exact solution when k = 0, V = 0. So there are 2 sources of
error. In simulations we see

||ϕ− ψ|| ⩽ Cε
(
||V || + c |k|ℓ+1

)
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ℓ = 0 ℓ = 1,kdep ℓ = 1,kindep ℓ = 2,kdep ℓ = 2,kindep 6 eigenstates states at K
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Application to multiperiodic graphene

General principle for deriving effective systems

ϕ exact and ψ approximated

||ϕ− ψ|| ⩽ Cεn.

One can work to obtain :
large n, using perturbation theory
small C , using variational approximation

VA+PT can improve both of them at the same time
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Application to multiperiodic graphene

Conclusions

Coupling perturbation theory and variational approximation
Simulations on graphene :

effective graphene isospectral description is hard
Dirac operator converges slowly to exact operator
We don’t want to go at further order in ε
“augmented” Dirac gives the right bands quickly in ε
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