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in microscopic models of interacting fermions
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Quantum Hall effect: current response of gapped systems
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Quantum Hall effect: current response of gapped systems
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Quantum Hall effect: current response of gapped systems

T =50mK; / =500 nA
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Linear dimensions up to 10 mm

Hall voltages up to 5V

Hall currents up to 200 pA
Typical gap: 10 — 100 meV




Quantum Hall effect: current response of gapped systems

T =50mK; / =500 nA

Best experiments: dist(cy, %Z)/(%) <1010

= QHE experiments are now used as a standard for resistance measurements.
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Magnetic field and spectrum: Landau levels in non-interacting systems

Landau levels Bloch-Landau levels
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Magnetic field and spectrum: Landau levels in non-interacting systems
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Spectrum of the Hofstadter Hamiltonian and gapped phases
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Spectrum of the Hofstadter Hamiltonian and gapped phases

YA Y 47




Screening and electron density in strong magnetic fields
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Lieb, Solovej, Yngvason, Phys. Rev. B 1994



Electron density and Hall currents in (narrow) Hall bars
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Aspects of our mathematical models

» We will not model the screening, but consider fermions with short-range
interactions only.

» We work within the tight-binding approximation, which means to cut off high
energies and leads to lattice models.

» We consider infinitely extended systems initially in a gapped ground state as a
model for the physics within an incompressible strip in a quantum Hall bar.

Why infinitely extended?
» One can ignore effects of boundaries without assuming a torus geometry.
This has at least two advantages:
» The constant external magnetic field resp. the magnetic flux per unit area
is a continuous variable
» and a constant external electric field can be modelled by a linear potential.
» Many approximate properties become exact in the thermodynamic limit. This
allows to define phases and phase transitions.
» We do not need to make assumptions about finite volume approximations.



Course overview

1. Physics background, mathematical modelling, and questions we would like to
answer

2. Mathematical tools: local approximation of quasi-local operators, the quasi-local
inverse of gapped Liouvillians

3. Adiabatic theorem and non-equilibrium almost stationary states (NEASS) as a
foundation for understanding (linear) response of gapped systems

4. Approximate Ohm's law: nearly linear Hall current response that is constant in
gapped phases (microscopic and macroscopic)

5. Remarks and perspectives: gapped phases, integer quantization, Hall current density
in non-periodic systems



Quantum mechanics of infinitely many particles: fermions on a lattice

We consider fermions on Z9. The N-particle Hilbert space for such a system is
Hy = (27, C)W,
and Fock space is defined by
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Quantum mechanics of infinitely many particles: fermions on a lattice
We consider fermions on Z9. The N-particle Hilbert space for such a system is
Hy = 324, Cry
and Fock space is defined by

g_ = @Hﬁ > ¢ = (¢0;¢17¢2; . ) with kuz = Z ‘|¢NH2 N
N=0 N=0

For any subset M C Z one defines the algebra Ay, as the C*-sub-algebra of B(3™)
generated by the fermionic creation and annihilation operators ay ; and a; with x € M
and i € {1,...,n}.

The latter satisfy the canonical anti-commutation relations (CAR)

{a;;, ay,j} = ai,i ayj+ ay,ja;t,i = 0x,y0ij, {ai,iv 3;,1'} = {ax,i, ay,j} =0.
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Quantum mechanics of infinitely many particles: fermions on a lattice
The algebra of local observables is defined as

Aioe = {A€ B(F)| A€ Ay for some M with [M| < 0o} ,
and the quasi-local algebra or CAR algebra is the unital C*-algebra
A= Aga CB(E).

For each ¢ € R there is a unique *-automorphism g, of A, such that

go(axi) = el® a,;, forall xe ze ie{l,...,n}.
One defines the set of even quasi-local operators

AT ={Ac Al g (A=A}, A} =A"NApy
and the set of gauge-invariant quasi-local operators

AV = {Ac A|VpeR: g (A)=A}, AN =AVNAy.

For disjoint regions My, M> C Z9, My N M, = (), operators A € ‘AJI\FA and B € Ay,
commute, [A, B] _0.
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The Heisenberg time evolution is generated by densely defined derivations £ on A,
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Quantum mechanics of infinitely many particles: fermions on a lattice
The Heisenberg time evolution is generated by densely defined derivations £ on A,
LA(t) = iLpA(t),
typically of the sum-of-local-terms form
LA = Z [Hx, Al where Hy = H: € AV for all x € 27
A

One calls H =" ;a4 Hx with sup, 74 ||Hx|| < oo an interaction (or O-chain) and we
write B, for the set of all super-polynomially localized interactions for which
Supyezd ||Hxl|x,, < oo for all v € N.

A state on A is, by definition, a positive, normalized linear functional w € A*.

In contrast to vector states or density matrices on B(F ™), such states can describe
systems with infinitely many particles.
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this reads
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which you can easily check is equivalent to p being the rank-one ground state projection
of Hand E; — Eg > g.
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For a densely defined derivation £ on A a state w € A* is a (locally unique) gapped
ground state, iff there exists g > 0 such that
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Hg o) = dl(he — p 1z o) = Z be(x,y)aiay — p Z Ny
X,y E€Z? XxEZ2

has a gapped ground state, whenever i ¢ o(hg). Here

bo(x,y) = e 2 b0a1) o (x — y)

is the kernel of the one-body Hofstadter Hamiltonian.




Insulators are characterized by gapped ground states

For a densely defined derivation £ on A a state w € A* is a (locally unique) gapped
ground state, iff there exists g > 0 such that

w(A*LHA) > g (w(A*A) — [w(A)[?)  forall A€ D(Ly).

Example: For B, ;1 € R the non-interacting Hofstadter model
Hg o) = dl(he — p 1z o) = Z be(x,y)aiay — p Z Ny
X,y E€Z? XxEZ2
has a gapped ground state, whenever i ¢ o(hp).

This gap is locally stable, i.e. if u ¢ o(hg) then for A € R small enough and V € B,
also the weakly interacting Hofstadter model

Higu) = Hig o) + AV
has a gapped ground state.



Gapped phases in the Hofstadter model

The coloured butterfly: gapped phases of the non-interacting Hofstadter model
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Gapped ground states: some questions for mathematical physics

vV vy VvYyy

Existence: Can one show for a given £y that it has a gapped ground state?
Uniqueness: Can one show that a gapped ground state is unique?

Stability: Is the gap stable under (small) perturbations of Ly ?

Response to perturbations: How do systems in gapped ground states respond to
external driving? Can we explain the observations in quantum Hall experiments:
> Ohm's law?
> Quantization of conductance?
» Vanishing fluctuations?
Classification: What are good definitions of gapped phases (equivalence classes of
gapped ground states) and can one characterize them by characteristic data?
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How does a system in a gapped ground state respond to a constant field?

Example: The Stark Hamiltonian

. o(—A + ¢ +ex)

¢+ ex

“resonance”

Adiabatic theorems for resonances were established e.g. by
Abou Salem, Frohlich CMP '07 and by Elgart, Hagedorn CPAM '11.



How does a system in a gapped ground state respond to a constant field?
Example: An “Extended Stark Hamiltonian”

. U(—A + ¢per)

¢per

spectral subspace spanned by “Bloch waves”
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How does a system in a gapped ground state respond to a constant field?
Example: An “Extended Stark Hamiltonian”

o(—A + ¢per +€x) ex

(Z)per +ex

“Almost invariant subspace”

“Infinite dimensional resonances” were first discussed and named almost invariant
subspaces by Nenciu CMP '81, JMP '02.



How does a system in a gapped ground state respond to a constant field?
Example: An “Extended Stark Hamiltonian”

o(—A + ¢per +€x) eX

(Z)per +ex

“Almost invariant subspace”

A corresponding adiabatic theory was established by Nenciu, Sordoni JMP '03 and by
Panati, Spohn, T. CMP '03, based on techniques from Helffer, Sjostrand MSMF '809.



Physical picture
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Response to external driving and adiabatic switching

Modelling the switching process: Let
H-(t) .= Ho +ef(t)P
with a smooth function f : R — R.
Standard linear response NEASS approach Charge pumping

L ool ) F(nt) f(nt)

’rfl

—1/n —1/n —1/n
Let il‘;;f’t denote the dynamics generated by the adiabatically scaled Hamiltonian

H.,(t) == H:(nt)  where 0<n<1.



Response to external driving and adiabatic switching

Standard linear response NEASS approach

A f(nt) . f(nt)

Charge pumping

77_1

f(nt)

;1/7/ ;1/7/

-1/n

Let £1;.7; denote the dynamics generated by the adiabatically scaled Hamiltonian

H.,(t) := H:(nt) where

O<nkl.

The definition of Hall conductance resp. Hall conductivity is then based on

Exp. of linear coefficient of
current: £ wp o U7 (J)
for ¢ — 0 and then 1 — 0.
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Standard linear response NEASS approach Charge pumping
f(nt) f(nt) f(nt)
1 ------- - 1
n1
: t ‘ t ‘ t
-1/n -1/n -1/n
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fore =+ 0and then — 0. for n =& and any t > 0.



Response to external driving and adiabatic switching

Standard linear response NEASS approach Charge pumping
f(nt) . f(nt) f(nt)
n1
: t ‘ t ‘ t
-1/n -1/n -1/n

Let £1;.7; denote the dynamics generated by the adiabatically scaled Hamiltonian
H.,(t) := H:(nt) where O<nkl.

The definition of Hall conductance resp. Hall conductivity is then based on

Exp. of Iinear coefficient of  Current expectation: Exp. of transported charge:

current: Lwg o UT7 ((J)  woo U] i, (J) wo o477, 1(Q) — wo(Q)
fore—>Oandthen77%O. forn=e“and any t >0. forn=c.



Adiabatic switching and NEASS

Theorem: Becker, T., Wesle '25 (also T. CMP '20 and Henheik, T. FMo '22)

Assume that
> Hy € By, i.e. it is a sum of super-polynomially localized terms, and
» Hy has a gapped ground state wg, and
> @ is of the form @ = V + X; with V € B, and X; the jth component of the position
operator.
Then there exists a state w. (NEASS) such that for all n € N there is ¢, > 0 such that for
all t >0, and A € Ag

sup  |wo oﬂi’{/u (A) — we(A)| < cre(1+ AL
nefen,gl/n ’



Defining the Hall conductance resp. conductivity
One can consider the current response

to a potential step or to a potential gradient
b =/N; = Z Ny ¢:X1::Zx1nx
xENgXZ x€Z?

X2
i £ /11
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Defining the Hall conductance resp. conductivity

X2
i £ /11
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The response observable is

the current through any horizontal line
relative to the current in the ground state

The perturbation does not close the gap
and the response is microscopic.

the current density into the x,-direction
that vanishes in the ground state

The perturbation closes the gap
and the response is macroscopic.



Current response of an insulator to a voltage drop

Theorem: T., Wesle (2025)

Assume that Hy € B and that Hy has a gapped ground state wy.

Then for the NEASS w, associated with H. = Hgy + €47 and wyq it holds that
we(h) —wo(h) = —& wo (1[APP, AFP]) + O(e™),

=:cy
where ¢y is the “microscopic” Hall conductance.

d
Here /2 —I[HO,AZ] 1[:/.[01.'/12‘1_ 0

is the “current flowing into the upper half—plane operator” and
ARP = [Ho, Tho(A)]

the off-diagonal part of A, with respect to wp.



Current response of an insulator to a voltage drop

Theorem: T., Wesle (2025)

Assume that Hy € B and that Hy has a gapped ground state wy.

Then for the NEASS w, associated with H. = Hgy + €47 and wyq it holds that
we(h) —wo(h) = —e wp (i [A(I)D,AE)DD + O(e™),

=:cy
where ¢y is the “microscopic” Hall conductance.

Note that no periodicity or homogeneity is assumed and that ¢y is independent of the
choice of the origin and of the orientation of the half-planes.

Moreover, i[APP, A9P] € A, C A is a quasi-local observable localized near the origin
and can be considered a local Chern marker.



Current response of an insulator to a voltage drop

Theorem: T., Wesle (2025)

Assume that Hy € B and that Hy has a gapped ground state wy.

Then for the NEASS w, associated with H. = Hgy + €47 and wyq it holds that
we(h) —wo(h) = —e wp (i [A(I)D,AE)DD + O(e™),

=:cy
where ¢y is the “microscopic” Hall conductance.

If w. is a gapped ground state of H., i.e., if the perturbation does not close the gap, then
the response is exactly linear:

wg(lz) - wo(/z) = —E&wp (i [AE)D, Ag)D]) .



Current response of a periodic insulator to a constant electric field

Theorem: Wesle, Marcelli, Miyao, Monaco, T. '24 (CMP 2025)
Assume that Hy € B is periodic and that Hy has a periodic gapped ground state wy.
Then the NEASS w. associated with H. = Hp + ¢(V + Xi) it holds that

we(de1) = O(™)

and @e(dea) = —e @y (i[XPP, XPP]) + O(e™),

=0y

where oy is the Hall conductivity and og = cq.



Current response of a periodic insulator to a constant electric field

Theorem: Wesle, Marcelli, Miyao, Monaco, T. '24 (CMP 2025)
Assume that Hy € B is periodic and that Hy has a periodic gapped ground state wy.
Then the NEASS w. associated with H. = Hp + ¢(V + Xi) it holds that

We(Je1) = O(e%)

and @e(dea) = —e @y (i[XPP, XPP]) + O(e™),

EXeatt

where oy is the Hall conductivity and og = cq.

Here J. i :=i[H., Xk] is the kth component of the current operator,
we(0) == Ali%2 TA] we(0l4)

denotes the density of an extensive observable, and

X = [Ho, Tro (X )]
is a periodic interaction.



Current response of a periodic insulator to a constant electric field

Theorem: Wesle, Marcelli, Miyao, Monaco, T. '24 (CMP 2025)
Assume that Hy € B is periodic and that Hy has a periodic gapped ground state wy.
Then the NEASS w. associated with H. = Hp + ¢(V + Xi) it holds that

We(Je1) = O(e%)

and E(Je2) = —e @ (IXC°, XPP)) + O(>),

=0y

where oy is the Hall conductivity and og = cq.

Note that the weakly interacting Hofstadter model satisfies the assumptions of this
theorem and the previous one for all magnetic fields.
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» For the “measured” Hall conductance it follows that

) -

ex J o0
ot = I|m We (AlLJL> = op + O(e™)
and that it is deterministic
var(c ') == lim |w I 2 — JL
L—o0 © AUL AUL
Ohm's law: N L -
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» The Hall conductivity (resp. conductance) oy is constant within gapped phases
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Some

corollaries and consequences

For the “measured” Hall conductance it follows that

ot = I|m We (AUL> = op + O(e™)
and that it is deterministic
g\’ I\’
var(c’) == I|m (we ((All) >— (A(LJL> ) =0
The Hall conductivity (resp. conductance) oy is constant within gapped phases
defined by automorphic equivalence.

The Hall conductance is the same for any pair of transversal (generalized) step
functions A¢ and Ag.



Some

corollaries and consequences

For the “measured” Hall conductance it follows that

ot = I|m We (AJle > = op + O(e™)
L

and that it is deterministic
g\’ I\’

Var(CH ) ||m (CL)E <<Ale> ) — (AUL =0
The Hall conductivity (resp. conductance) oy is constant within gapped phases
defined by automorphic equivalence.
The Hall conductance is the same for any pair of transversal (generalized) step
functions A¢ and Ag.
The Hall conductivity is the same for any pair of orthogonal directions a, b € R?, i.e.
one can replace X1, X5 by X, := a1 X1 + axXo, Xp := b1 X1 + b X5 and the current

response i[H., Xp| to the driving Xj is again nearly linear with the same linear
coefficient oy.



Gapped phases in the weakly-interacting Hofstadter model

The coloured butterfly: gapped phases of the non-interacting Hofstadter model
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Is also the Hall conductivity stable under weak perturbations?



Gapped phases in the weakly-interacting Hofstadter model

Giuliani, Mastropietro, Porta CMP 17, Giuliani '20 prove that the Hall conductivity
does not change when adding a sufficiently small periodic perturbation to a gapped
periodic non-interacting system. For the Hofstadter model this result applies, however,
only for B € 27Q.
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Problem: Two ground states of the non-interacting Hofstadter model in the same gapped
phase but for different magnetic fields are not automorphically equivalent.



Gapped phases in the weakly-interacting Hofstadter model

Giuliani, Mastropietro, Porta CMP 17, Giuliani '20 prove that the Hall conductivity
does not change when adding a sufficiently small periodic perturbation to a gapped
periodic non-interacting system. For the Hofstadter model this result applies, however,
only for B € 27Q.

What about B ¢ 27Q?

Problem: Two ground states of the non-interacting Hofstadter model in the same gapped
phase but for different magnetic fields are not automorphically equivalent.

Theorem (Wesle, Marcelli, Miyao, Monaco, T. , in preparation)

For every 119, By € R such that g ¢ o(hg,) there is § > 0 such that for all (1, B,\) € R3
with [|(1, B, A) = (p0, Bo, 0)[| < 6

O-H(,ua 87)\) = UH(HOaB()aO) S %Z



Macroscopic current response for systems without translation invariance

Theorem (Miyao, Wesle, T., in preparation)
Assume that Hy € B, has a gapped ground state wy.
Let w. be the corresponding NEASS for the perturbation Xi. Then

N G
- we(Ji) == A/hzg&m@ W wz(Jila)
exists (up to O(e*)) and
we(f1) = O(e%)
w=(h) = e (X7, X)) + O(%).

All properties from the periodic case carry over to the general case.



Course overview

1. Physics background, mathematical modelling, and questions we would like to
answer

2. Mathematical tools: local approximation of quasi-local operators, the quasi-local
inverse of gapped Liouvillians

3. Adiabatic theorem and non-equilibrium almost stationary states (NEASS) as a
foundation for understanding (linear) response of gapped systems

4. Approximate Ohm's law: nearly linear Hall current response that is constant in
gapped phases (microscopic and macroscopic)

5. Remarks and perspectives: gapped phases, integer quantization, Hall current density
in non-periodic systems



