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Periodic Table of the Elements

5 6 7 8 9 10 11 12 13 14 15 16 17 18

Periodic Table

www.webelements.com

—
g | Groppo L | Gropgo Xt | Gruppo I, | Gruppe 1. | Groppe V. | Groppo VL. | Gruppo VIL|  Groppo VAL,
= i = ‘ BV Z
El om RO RO RO RO RO Ro¢
T pre=
2 [Li=7 _ [Be=94  [p=m  fo=iz  [N=14 o6 fr=1n
s [ Na=m|  Mg=2  Almars|  i=m|  P=si  8=91 Cl=353)
4 [k=30 [Camt0  |—=at  fHi=4s  |Vems1 lCrb2  [Mne=b5  [Po==Go, Co=09,
Niz=60, Cu=3.
5| (Cemey) zamed  —=es —=72| As=7s|  So=73  Bees)
© (R8s [Br=67  IYe=88 (=50 (ND=O4  (Mom96  |-=100 [Bu=104, R=104,
Pa=106, Ag=105.
7| (geios) Ci=ug  mens|  sa=ngl  su=iagf o1 =1z
6 (Co=183  [Ba=187  [tDi=108  [iCo=140 - o cooo
e (= - - - - -
10 = (Be=118 fla=1s0 [ra=isz [We=184 | — (08195, 1e=197,
P98, Au=id,
1| Chumion)  dg=zoo] =204 Pe=201 B0 - =
2 |- - - =21 [— u=200 | = -

Dmitry Mendeleev (1834-1907)
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lonization Energy and Radius of Atoms

PPOPDD®

clus (empirical)

Atomic radius (empirical)

lonization energy: 1st
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More Data

Average interparticle distance in solid matter
Alkali atoms H-Cs, Compared to RTFI, RMAX=390 pm

Rf(K) =2072 pm

15 Rbragg(K) =207 pm
¢ Ripm R ~20pm
g v groupl Rif (Na) =180.4 pm
© —e—group2 10 Révagg () =177 pm

e ) ~150pm
N group 13
5
05
@ 50
0
o 20 40 60 80 100 120

Z atomic number

1(Z = o) (eV)

0
1 2 3 4 5 6 7 []
groups of the periodic table (from alkali metals 1o noble atoms)

From Constantin, Snyder, Perdew and Burke, lonization Potentials in the limit of large atomic number J. Chem. Phys.
2010, Z~3000



.? UNIVERSITY OF COPENHAGEN  Structure of Complex Atoms Jan Philip Solovej 12-09-2025  7/51

Janet Periodic table, Madelung rule (Aufbau Principle)

3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 1 2

h The Janet Periodic Table

— www.webelements.com

This form illustrates the Madelung rule (Aufbau principle).

QUESTION: Is the Periodic Table (approximately) periodic in
some sense?

QUESTION: Does it become exactly periodic as Z — co?

Let us consider the filled group (column) in each block (color).
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3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 1 2
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The filled groups for £ =0,1,2,3 (s, p, d, f) (n; = # of £ levels-filled):

4 1
zpuban(p, — 9j) :g(j+£)(j+€+ 5)(j+£+ 1) — 20

rogen 2 ].
Z,voee () =§(ng +0)(ng+ 0+ 5)(ng +041)

Note then ny = 2j ~ 2(3Z/4)'/3 —{) as Z — oo. If £ = AZ'/3;
NADA (7Y — 9(20 4+ 1)ny ~ AN[6Y/3 — 2)] 1 Z%/3
NV (Z) a2 4N[(3/2) 1 — N 223,
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Atomic Model Q: Many-body Quantum

Hamiltonian of atom no. Z with N electrons

ANV Z 1
HZ(N) :Z (—2Ai—|xi|> + Z m

1<i<j<n !

N
acting on antisymmetric wave functions Hy = A L2(R3;C?). The
domain is HZ. We use atomic or Hartree units with h =e = m = 1.

Definition (Ground state energy )
EJ(N) = inf{(U, Hz(N)¥) : W e HynH?, U] =1}

This energy is bounded below, as we show next.
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Simple Lower Bound on the Energy

We can get a simple lower bound on the energy E?(N) by ignoring

interactions N
1 V4
Hz(N) > ——A; — —
2 =3 (g3 )

i=1
The non-interacting model on the left has the hydrogen Hamiltonian

1,2

Rescaling x — Z~'x we see that this Hamiltonian is unitarily

equivalent to
1 1
2?2 —=A - — ).
2 x|

The energies are known explicitly:

122
En:_iﬁ n:1,2,....
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Lower Bound Continued
The degeneracy is that level n contains angular momenta

Hence the total degeneracy is ")~ 2(2¢ + 1) = 2n%. The factor 2 is
counting spin. To get NV electrons we use k levels with

k
2 1
N=> 2n"= Skt ) (k+ 1),

n=1

We therefore get the lower bound on the ground state energy
EFN) > —2,721272 = —kZ% > —(3/2)'/3Z2N'/3
z = 2 z .

Exercise: Give similar upper bound (we return to this).
Note np =Yk, 1=k -~ (3Z/2)'/% - L.
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The Ground State Energy and the Maximal lonization

Proposition
N — E?(N) is non-increasing

Theorem (Hunziker- van Winter-Zhislin (HVZ) Theorem)
If Eg(N) < E?(N —1) < then E?(N) is an eigenvalue (possibly
degenerate). The eigenfunction is the ground state.

Theorem (Zhislin's Theorem)
N — E?‘(N) is strictly decreasing for N < Z.

Definition (Maximal Negative lonization)

The maximal number of electrons the atom can bind is
N2(Z) = min{N € Z | N E(ZQ(N) is constant for N > N2},

By Zhislin N? > Z. The maximum negative ionization is N? —-Z>0.
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Theorem (Lieb’'s Bound on the Maximal lonization)
IFEX(N) < EX(N — 1) then N < 2Z + 1. Thus N& < 2Z + 1.

Proof.

We will use Hardy's inequality in 3-dimensions
—[x[A = Alx| = = 2|x|"2A x| — [[A, [x['/3], x]'/?]
1
=2|x|1/? (—A — 4yx—2) Ix|1/2 > 0.
Let ¥ be a real normalized ground state Hz(N)¥ = Ez(N)¥. Then
EZ (NP2 = (@, x| Hz (N) )

|xi]

W) + (x| /20, Hz (N = 1)]x| /W)

Ixi — x|

~~

>EF(N=1)||x1 /292

Thus 0 > —NZ + <\I/,Z 'X"‘+'Xf'\p> > —NZ + IN(N = 1).

I<J [xi—xjl

13/51
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One-particle Density Matrix and Density

The 1-particle density matrix (1pdm): Trace class operator vg on
L2(R3;C?) = L?(R3 x {—,+}). Notation z = (x,0) € R® x {—,+}

V\P(Xvo-;}/a’r) = N/\I](X,U,ZZ,...7ZN)\II(y,T722,.. . 7ZN)dZ2""ZN

Tr~y = N. Fermionic property: 0 < g < 1.

Density: py(x) = >, yu(x,0;x,0). [ pw =
lonization Energy: Energy to remove m electrons from neutral atom

IZ(m) = EX(Z —m) - EX(Z) >0, 1$=131)

Radius to last m-th electron: R(Zg(m) defined by:

Py = m.
/|x2R?<m>
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The lonization Conjecture

Conjecture (lonization Conjecture)
There is a universal constants C; > 0 and constants Co(m), C3(m) > 0

depending only on m, but not on Z such that
NZ)<Z+ G
RZ(m) > Co(m)
12(m) < C3(m).

An even more ambitious question relates to the limiting behavior of
NS, R?(m), I?(m) as Z — oo. They will probably not have a limit,
but could have limits through subsequences reflecting the different
(infinite) groups of the periodic table.
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Atomic Model HF: Hartree-Fock

Restrict to Slater determinants: ¢1,...,¢n € L2(R3 x {—,+})
orthonormal orbitals

U(zy,...,2y) = \/:;\T' det [¢i(z)]

The 1-pdm g is the projection onto span{¢1,...,¢n}. The density is

pu(x) =322, |9i(x, o).
Note up to a phase ¥ depends only on yy: If ¢,..., @), is another
orthonormal basis for Ranv. Then ¢; = Zj U,-jqﬁj- where Uis an N x N

unitary. Hence W(zy, ..., zy) = det(U)(N!)~1/2 det [¢}(z)]. We have

Dlrect term

EYF(7) = (W, Hz (N)W) =Tr [(— %A // 20

!X\

2
X,0;Y,
_//ZMW 3, 7)) iy
X =y

Exchange term
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Lieb’s variational Principle
We may relax the minimization
EF"(N)= inf €YF(y)= inf EF%(v)

7 projection 0<~<1
Try=N Try=N

Proof following Bach of second equality.
(">"is clear). "<": May restrict to finite rank v = Z,Ail Ailoi) (@i,
0< X <1, > ;A = N. Note that

Py (o (y) =D (o, )P =D Aghidj,  with Ay >0
o,T i<j

Aj =) (16i(x,0)Ioj(y, o) * + 1d5(x, o) Pl iy, o)

g, T

- (Z)i(xa U)d)j(xa U)¢j(Y> T)¢i(y> T) - ¢j(Xa U)d),‘(X, U)¢i(yv T)¢j(ya T))

If v not a projection at least two coefficients, say A1, A2 € (0,1).
5?F(’y()\1 +0,X2 —6)) = ¢+ b6 — ad? with a > 0. Hence the best is

to choose § largest or smallest. O
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Atomic model RHF: Reduced Hartree-Fock

We can look at the Reduced Hartree-Fock model where we ignore the
exchange term (not to be confused with restricted Hartree-Fock):

RHF .\ _ T} 1.z Pw
B = e[ A= D) g [[ B ey

This is a convex functional of . We define

EFT(N) = inf €777 (7)
Tr': N

Note that N no longer needs to be an integer.

Summary of properties for HF and RHF:
* N+ E;E(N) is non-increasing. For RHF it is also convex.
® Minimizers exist for N < Z (Lieb-Simon (HF), Solovej (RHF)).
® Minimerzers do not exist for N > Z + const (Solovej).

I?(m), R?(m) defined as for Q model.
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Comparison Between Atomic Models

We have the following comparisons between the energies in our models
EZ(N) < EJ¥(N) < EZ"F (V)

The first inequality follows because HF is a restricted minimization
compared to Q, i.e., restricted to Slater determinants. The second
inequality is a consequence of Lieb's Variational Principle and the fact
that the exchange term lowers the energy.

It follows from the convexity of 8§HF that a minimizer v for the RHF
functional must have spherically symmetric density p.,.

The last term in EXHY is in fact, strictly convex in p,. We are not
claiming that the minimizer ~ is unique, but we are claiming that its
density is.

The densities for minimizers of @ and HF are not necessarily spherical.
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Variational Equation for RHF

If v minimizes Eg”HF(fy) with Tr~ = N then there exists a ;1 > 0 such
that

Tr [(Hz e + 7] = Tr[(HZ e + 1)-]
where the right side is the sum of the negative eigenvaleus of the mean
field operator

RHF __ 1A—£

-1
Z,mf__§ ‘X‘+p7*‘x‘

Proof.
Since N — EXHF(N) is convex we can find a 1 > 0 such that v
minimizes EXUF (4) 4 4 Tr~ without a restriction on the trace.
Let 7/ satisfy 0 </ < 1. Then

d

0 <~ (EZM((1 =)y +o7) + uTr (1= a)y + 7)),

=Tr[(HZm; + 1) (Y = 7))
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The Lieb-Thirring Inequality and a-priori Bounds

We will uses the Lieb-Thirring (LT) inequality
Tr[-A~v] > c/pg/g.

We recall that E?(N) > —CZ?*N'/3_ The same bound holds for HF
and RHF as we used hydrogen to get this bound and that has no
electron-electron interaction and therefore is the same for all these
models. As we would also have gotten this bound (with a different C)
with half the kinetic energy we conclude from the LT inequality that all
the densities satisfy

/(pQ)S/S’/(pHF)S/S’/(pRHF)S/S < C22N1/3 < C,Z7/3.

for stable neutral atoms.
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Improved Lower Bound on the Ground State Energy

Let x» = (4a®7/3)"'1p, be the normalized characteristic function of a
ball of radius a. Let Wa(x) = xa * |x| ™' * xa(x) < |x|7!. Then
Wi(x) = |x| =t for |x| > 2a. Moreover, W, > 0 and W,(0) = ca—*.

Thus for all ﬁ
> Z Wia(

:% //Z&(X—X,-)Wa(x —y)Z&y—x,-)dxdy— %NWQ(O)
:% //(Zé(x—x,-)—ﬁ Zé —x;) — p(y))dxdy
+ZW*,0X, —// YIWa(x — y )dxdy—iNWa(O)

> Z Wa * ﬁ(X,‘) — § // dedy — CNa_l.
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We thus have a lower bound

N
HN(Z)zZ( —A— » |—|—W>i<px,>—//| dxdy cNa~t.
i=1
We estimate
[ o) el = W e < [ /| PR~y
x—y|<2a
SHPH5/3H:5H5/3H’X’_ll\x\<23H5/4 < C37/5HPH5/3H/7H5/3

We conclude that

1 Z 108

N 1,z L[ pX¥)ply)

(W, Hz(N)®) >Tr [y (=5 A |X|+P*|X| ) 2// Ix — y] i
— cNa~" — Cllpw|5/3llpll5/32"/°

This is a correct lower bound for any p. What is the best choice?
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Choosing p

We can bind this further below as
1 zZ 1 p(x)ply)
U, Hz(N)T) >Tr[(—=A — — + 5 |x|71)_ —//dxdy
(¥, Hz (W) >[5 = | 1)) = 5 [ [ 20
— cNa~" — Cllpw|l5/3llpll5/32"°.

The best choice for p satisfies that
P x| = oy x x| (1)

where p, is the density of the projection onto the negative spectrum of

the operator
1

4
—~A - = x|
P TP ]
We see that the self-consistent condition (1) is exactly satisfied for
p = p~ for v being the RHF minimizer.
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We therefore choose p = p, with v the RHF minimizer assuming it
exists. Using

pwlls/3: 1Bll5/3 < C(Z7/3)3/5 = €27/

we obtain
(0, Mz (M) 2T b (0] - ot 5 [ [ ””,X_y, dxdy
_ 72— 75 T/5
T [y (HEHE + )] - o — 5 [ [ 22 gy
!X—y!

. CZafl _ Czl4/5a7/5
>EBHF (y) - 7/

where we chose a = Z~3/*. Thus EJ(N) > EXIF(N) — CZ7/4. A
much more complicated argument proves an error O(Z%/3).
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Atomic Model TF: Thomas-Fermi

The next model we introduce is the Thomas-Fermi model that depends
only on the density. We arrive at it by replacing in the RHF functional
the kinetic energy Tt (—%A’y) by the semiclassical approximation

2(2m)” // prdpdx = 3(37T2)2/3/p(x)5/3dx
IpI<F(x) 2 10

where we chose
p(x) = 2(2%)_3/ ldp = (37%) 7 F(x)3.
\

Thus we define the Thomas-Fermi Energy Functional:

17 () = %(37r2)2/3 / ()73 dx— / ’XZ’ X)dxt & / / o d dy.
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ETY is convex and satisfies the scaling property: If
pz(x) = Z%p1(Z"/3x) then

E3F(pz) = 27 (p1)
We set as before

EFF(W) = int(e3 () + p20. [ =N,

We will see that a minimizer exists if and only if N < Z.
® N EXF(N) is strictly convex and decreasing for N < Z and
constant for N > Z. For N < Z the minimizer is unique.
o EJF(AZ) = ZTPEIT(N)
The minimizing p satisfies the scaling above and the Thomas-Fermi
equation:
1
S (3732 = B3 () — ]
where 1 > 0 and the Thomas-Fermi Mean-field potential is

4 _
O TR ACE SR
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lonization for TF

We cannot have a minimizer for N > Z: On the set where p > 0 we

have
T (x)>pu>0.

Thus
S (|x| = r) < rI(Z - / P3F (x)dx).

Ix|<r

On the other hand the absolute minimum (x = 0) must be for N = Z:
If we had N < Z and p = 0 we see that for large |x|

©7"(x) ~ (Z = N)[x[ ™,

but then p satisfying the TF equation cannot be integrable.
Hence N +— E}FF(N) is strictly decreasing and convex for N < Z and
constant for N > Z.
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The Neutral TF atom

For N = Z (i.e., ;1 = 0) we have since p * [x|™! < |x|7! [ p that
®T¥(x) > 0. Thus the Thomas-Fermi equation reads

1
B = (351 (pF .

On the set x # 0 we get

AT — A (ST A= 8?:/5
s

This equation has a solution ®1¥(x) = B|x|™*, B = %. Note that
such a function is a fixed point for the scaling

oI (x) = 2301 (Z'/3x).
We have

dTF(x) ~ ®1F(x) as |x| = o0, and Zlgr;o O (x) = 01F(x).
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Mean-Field Thomas-Fermi Model

We see that for the Thomas-Fermi model we have a limiting infinite
neutral atom

lim pof(x) = C hm (®TF)3/2 = D|x|~S.

Z—00 Z—00

We see no emerging periodicity in TF.

We may however consider a model somewhere between RHF and TF.
Namely, the model that describes the neutral atom in terms of the
Mean-Field Thomas-Fermi Operator

1
Hz e = §A—‘I’§F(X)

We shall now see that this is actually a very good approximation to the
neutral atom.
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The Thomas-Fermi Mean-Field Approximation

Going back to our previous lower bound, but now choosing p = pZ we
find

V4
Z A dTF (x)) — = / / )dxdy cz7/4,
— IX —yl

While the upper bound E?(N) < ERHE(N) was simple. The
corresponding bound for the Mean-Field TF is not and is beyond the
scope of these lecture notes. We will simply state it here:

If ¥ is a neutral atomic ground state then

(U, Hz(Z)® )<Tr[—fA dTF (x // |X_ )dxdy+CZ5/3

TF
HZ mf

Understanding this is related to calculating the trace as a semiclassical
approximation. We will do that next, but not give all the details.
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The Semiclassical Approximation

We consider the TF Mean-Field operator

1 1
HIE e = =—5A- dTF(x) = —5A - ZA30TF (713x).
If we rescale x — Z_1/3x, i.e., perform the unitary transform
(Uzf)(x) = Z'/2£(Z'3x) we see that HLT _is unitarily equivialent to
the operator

1 1
UZHZ iUz = —5 2P A= Z1P50TT (x) = 212 <—2—2/32A - q)"{F>

We recognize a semiclassical operator with h = Z~1/3

—z2BIA T LA gTr
2 2
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We have the following semiclassical approximation to leading order, i.e.,
the Weyl term

Trl-ghPA — &F] =2(2rh) / / (57" — 217 () dpx + o(h~?)

95/2
=~ T /(@?F(x))f’)/?dx +o(h™3).

The next contribution of order h=2 is a non-semiclassical term coming
from the Coulomb singularity it is referred to as the Scott correction

Ly TF 25/2 TF 5/2 L 5 -2
In their monumental work on semiclassics Fefferman and Seco proved
Lo TF 25/2 TF 5/2 1
21/2 TF 1/2 A 5 TF -1
+ (@17 (%)) /7AD" (x)dx 4 o(h™).
2472h
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Recall the Thomas-Fermi equation which will give us
25/2

1
_ TF /,\\5/2 1,2
5n2p3 /(@1 (x))*“dx + 2h

+ g [ @TT00Rdx o),

1
Tr[—§h2A - o =

Going back to Z and using h = Z~1/3 we find

Trl-sA— BT = - ki (T (x))%/2dx + = 22
2 Z" 1572 ! 2
+ 29875 [ @170+ 0(Z°).

Now that we have gotten this far let us estimate also the exchange
term that we had ignored up to now. This requires understanding the
one-particle density matrix.
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The Semiclassical One-Particle Density Matrix

The semiclassical approximation to the one-particle density is given by
the (Weyl quantization)

Yse(x, 0, y,7) =(2mh) 36, 1 / exp(—iph~'(x — y))dp
1p2—0TF ((x+y)/2)<0

Note this does not satisfy 0 < 5. < 1, but its density is

93/2
= 2(27mh) 3 ldp = T (x)3/2
el =200 [ = el )

which is exactly the Thomas-Fermi density in the rescaled variables
pSF(x) = Zpse(Z'/3x). Let us use this to approximate the exchange
term:

_1// Yo |29e(2%, 03 21y, ) 2
2 x =yl

dxdy = —CpZ°/3 / (®TF (x))%dx.
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For completeness let us calculate the constant Cp which is elementary

Cp :267r6/\z\1 / e P2dp
p2<2
| | (V2
—2_67r_6(47r)3/ / sin(st)sds| t3dt
0 0

:7]'_3

2
d>z

Recall that the constant in front of the similar semiclassical term was

2 - (2 3_ _ 1
523+ 50, the combined constant is (5 — 1)77° = — g5
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The Energy Asymptotics

Putting it all together we obtain that
1 7

E3(2) = ZPEI (1) + 520 - 2P T [(@1F ) e+ o(2F),
The leading term was proved by Lieb-Simon and the Scott correction
was originally established rigorously by Siedentop-Weikard (upper
bound), and Hughes (lower bound). A much more involved
(approximately 1000 pages) by Fefferman-Seco that involves
understanding the exchange term (see also Bach and Graf-Solovej) led
to the last term. In fact, we also have the operator lower bound
agreeing with the asymptotics above

V4
HZ(Z)Z' (—%A oL (x —// ’X_y’ )dxdy

(37r2 TF)4/3

4

-5 [@FGyax - o(z7), | (@3 =
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Summary of models

* Model Q: EZ(N) = infy (g1 (¥, Hz(N)T)

N

HZ(N):Z(—%A;—Z|X,-|_1)+ 3 -l

i=1 1<i<j<N

e Model HF: EX¥(N) = infocy<t, Trren EFF (7).
EFN () =EFM(7) — Ex(7)

e Model RHF: EFHF(N) = infoc<;. Tm_NERHF(v)

EBHF (1) = Tr[(——A Z|x|™) // PN W) g,

® Model TF: EZ¥(N) = infoc, f,-nEZ" ()

3 _ 1 X
47 (0) = g art 2 [ [ 2oy [ A0 oy
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 Model TFMF (N = Z): 372 (—3A; — ®TF(x;)). This gives a
good approximation to the ground state, but the ground state
energy has to be corrected by constants: subtract the (positive)
direct term and add the (negative) exchange term.

Summary of Results: (in red when not proved in details here)

® For # = Q, HF, RHF, TF we have that N — E?(N) is decreasing
and constant for N > N (Z) and N7 (Z) <2Z + 1.

e For # =HF, RHF, N7 (Z) < Z+const. NT¥(Z) = Z.

® For # =RHF,TF, N — E;E(N) is strictly convex for N < N.(Z).

o EBHF(N) — 77/ < EF(N) < EYF(N) < EBTF(N)

o EJ(Z) = ZTPEMF(1)+ 122 + CpgZ%/+ o(Z5/3) (1st term=Weyl)

* TFMF:

z
) > ——A —oTF (x;))—= Z7/4
- g // \X - y\ dXdy ¢

This was proved and we discussed how to get to o(Z%/3).
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Universality of Atomic Radius in TF, HF and RHF

In Thomas-Fermi Theory it follows from the existence of Z — oo limit
and its scaling that

lim REF(m) = RIF m1/3
Z—00

The following holds in RHF and HF Theories. We will not give details.

Theorem (Radius in RHF and HF,Solovej, 1991 (RHF) and 2003 (HF))

As m — o0
lim inf RI¥(m) = RIFm=1/3 4 o(m=1/3)
—00

limsup R (m) = RIFm=1/3 4 o(m~1/3)

Z—00
lim inf REHY (m) = RIF m=1/3 4 o(m~1/3)
Z—r00
lim sup R¥ (m) = RI m=1/3 4 o(m™1/3).
Z—00

Note lim inf and lim sup: We expect periodicity not convergence.
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Fermi's Aufbau Formula

We will next discuss results on the periodicity. We begin with what can
be proved regarding the Aufbau principle

Theorem (Fermi's Aufbau formula)

Let Wy be a neutral Q ground state for atom Z and let P, be the
projection onto angular momentum ¢ in L2(R3; C?). Consider the
occupation Ny(Z) = Tr (Pyyw,). (Need not be an integer and may
depend on V.) We get Fermi's Formula for almost all A > 0

e Ne(Z) AN [0 9, —211/2
(=[AZ'/3]

The function k(\) appeared in the work of Fefferman and Seco. They
needed that this function is strictly concave (on its support) and gave a
computer assisted (or interval arihtmetic) proof of this fact.
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Comparing the Aufbau Formulas

Before discussing the proof of Fermi's Formula

e Ne(Z2)  Ax [ _o11/2
llzrggf 7273 = 77/0 207 (r) — X2r2)/“dr := 4\k(N).
=[XZ'/3]

We note that it is different from what we would get from the Aufbau
principle or from hydrogen:

N?ufbaU(Z)Z—Q/?) ~ 4A[61/3 _ 2/\]+
NéHydrogen(Z)Z—Q/fs ~ 4/\[(3/2)1/3 — A

Note these are clearly not strictly concave! All three asymptotic
formulas satisfy

/ IRV dA = 1,
0

/ AN[6Y/3 — 2\ dX =1, / AN[(3/2)Y3 = A ydr =1
0 0

as they should.
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Proof of Fermi's Aufbau Formula

This is a preprint (on ArXiv) with August Bjerg, Sgren Fournais, and
Peter Hearnshaw. We begin with the bound

Ty, (5 A — )] < Tr[- JA — $3)] 4 o(2)

Using the spherical symmetry we may write

1 > 1
Tr [sz(—§A — ;")) = Z Tr [Pryy, Pz(—iA — 5"
/=0

and likewise

1
Tr[-5A —®TH)_ ZTr Py(—=A — ®5F))_

Thus for each £ =0,1,...

1 1
Tr [Peyy, Po(=5A = @75)] < Tr[Pe(—5A = @77 + 0(Z7)
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The operator Py(—3A — ®TF) acting on the space P,L?(R?; C?) is
unitarily equivalent to the operator

1 d? 00 +1

S 2dr? 2r2
acting on L?(R;;C% ® C?*1). This is in turn unitarily equivalent to

1 d? L+1)
4/3 | _ »-2/3- 4%  FTF
z z 2 dr? 1 272/3r2

We now use that £(¢ + 1)Z~2/3 ~ X2 and we are left with analyzing
the operator
1 d? A2
—2/32 9 HTF | A
2 dr? Lt 2r2°
Note this is again a semiclasical problem with h = Z
dimension. The Weyl law gives

hyz=-2

~1/3 now in 1

Trlhyz]- = —2(2£+1)3i /Ooo[QtplTF(r)—/\QrZ]i/gdr(h1—|—o(h1)).

s



.‘? UNIVERSITY OF COPENHAGEN  Structure of Complex Atoms Jan Philip Solovej 12-09-2025  45/51

We conclude that

—%A—@EF)_] __rept / 28TF (1) A2 2dr o(2?).
0

Tr [P,
1 [Py( .

We do not really care about this value only that it is of order Z2.
We can also determine the number of negative eigenvalues of h) z:

Tr (L, o] =220+ 17 [ ROI ()~ N2 2dr(h ! 4+ o)

™ Jo

1 o0

_t / 28T (r) — 22 2dr (22 4 o(22/3)).
T Jo

This however does not allow us to show that Ny(Z) = Tr [Pyyg] is

close to this number. But it does allow us to conclude that it cannot

be much smaller. Since if it was much smaller we would not get the

energy to correct Z2 order. l.e., we find the lower bound

1 o0
Ny(Z)Z7 = Tr [Ppyy|Z72/3 > 4)\/ [2<1>1TF(r)—AQr—Q]i/erJroa).
™ Jo
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To conclude the proof of Fermi's Formula we observe that
Y 2o Ne(Z) = Z. Thus by Fatou
o0

1= 11212ng Z7INy(2) > /lizrri>ic>réfz_2/3Ng:/\Z1/3(Z)d)\,
=0

and that finishes the proof when we recall that

/ ANE(N)dA = 1.
0

Historical remark: Fermi derived this formula in a paper published as
part 2 of a 4 paper series in 1927. Paper 1 of the series is where he
introduced the Thomas-Fermi model. Fermi also calculated k()
numerically and realized that it did not quite agree with the periodic
table of the elements.

Interestingly there is another potential (IJE introduced by Tietz that
does reproduce the asymptotic Aufbau formula in the semiclassical limit.
This is often referred to in the chemistry literature as the theoretical
explanation of the Madelung rule. This of course does not make much
sense as we have just proved that the Madelung rule fails in this limit.



.‘? UNIVERSITY OF COPENHAGEN  Structure of Complex Atoms Jan Philip Solovej  12-09-2025  47/51

Periodicity in the Mean-Field Thomas-Fermi Model

To uncover the periodicity hidden in the Thomas-Fermi model we
consider again the Thomas-Fermi Mean Field model and its
Hamiltonian

1 1
H},Ijnf = —§A — @;F unitarily equivalent to Z4/3(—272/3§A — <I>F1FF)

It is self-adjoint on H?(IR?; C?). Consider the natural infinite
counterpart

1
HI¥ .= _iA — B|x|™.
defined on C°(R3\{0}; C?). It is, however, not bounded from below
and has many self-adjoint extensions.

Big question: Does H}F approach an extension of HLF in strong
resolvent sense as Z tends to infinity?

No! A periodic family of extensions, indeed, appears in the limit.
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Self-Adjoint Half-Line Operators

Consider potential W : Ry — R such that the f”” = 2Wf has two
linearly independent solutions f which are L? near the origin.

Self-adjoint realizations of the Schrodinger operator —%d2/dr2 + W
on L2(R,):
1. Define the operator on C2°(R.) and take the closure to get Hmin.

2. It has deficiency indices (1,1) and self-adjoint extensions described
exactly by the domains D(Hmin) ® C&f where f is from above and
¢ localizes near the origin.

3. This is the Weyl limit circle case at 0.

Example 1: If W sufficiently regular. Then D(Hmin) = H3(R4) and
choosing an f corresponds to setting boundary conditions.

Example 2: If W(x) = —Bx—4 we have f(x) = xsin(\/QBx_1 +0).
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Main Result on Periodicity

Theorem (Atomic Subsequence Convergence, Bjerg-Solovej)

{H}f}g‘;l converges in the strong resolvent sense as Z, — oo if and
only if there is a t € [0,1) such that

Zﬁ/gl/O (2¢1)"? = 1/ (2¢z,)"* —t  (mod 1)

™ ™ Jo

The limiting operator is the self-adjoint extension of HL' defined by
D(HTF, ) = D(HIY, . ) @& C&guo st where £ is a localizing function,

00,0, t 00,¢,min
14 V2B 1 V2B
8o t(X) = cos<t7r+—7r+z)jg<7) +sin(tw+—ﬂ+z)yg<7>
” 2 4 X 2 4 X

where j, and y; are the spherical Bessel-functions.

In particular, gs0,t(x) = xsin(@ +tr — I).

We may say that the infinite atomic periodicity comes from a Weyl
limit circle parametrized by t.
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Sketch of the Proof

1. Reduction to the 1-dimensional problem

2. Deducing from the fact that ®z (x) — B|x|~* a convergence of
the minimal realizations; ”HOTOIT&mm C lim H}f&mm”

3. Realizing that as a consequence of step 2 it suffices to show that
for each ¢ a sequence of regular (i.e. from D(HZ",)) approximate
solutions to

(L+1)

FCR 2<I>2F(x) f(x)

Fx) = |
converges towards g ¢+ in L2 near the origin (O(1) scale).

4. Constructing the approximate solutions from step 3. Here, split
the problem in the asymptotic parts (near the origin O(Z1)
scale) and oo) and a semi-classical part to which the
Green-Liouville approximation (WKB) is applied. As a last step,
these solutions are glued together by matching oscillations.

Note: Maybe it is not surprising this works for £ = 0. The interesting part is that all

the ¢ # 0 solutions seem to follow for free.
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Concluding Remarks

We discussed

* the ground state energy asymptotics up to order o(Z7/4) (with
details of lower bound) and o(Z°/3) (without proof details)

® the failure of the Aufbau Principle for large atoms and derived
the Fermi Aubau Principle.

¢ the lonization Conjecture and its validity for TF, RHF, HF,

® 3 possible stronger lonization Conjecture the limiting behavior.

¢ the TF Mean Field Model that in the limit of large Z shows a
periodic behavior. The sequences Z, that produce converging
atoms can be interpreted as the groups in the periodic table.
These sequences do not agree with prediction of the
phenomenological Aufbau Principle, but with the "correct” Fermi
asymptotic Aufbau formula.

¢ Open problems: lonization for Q model, limiting periodic
behavior for models more accurate than TFMF, e.g., RHF, HF,
and Q.
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