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Abstract

In this note, we conmider the quantum verson of a hamiltonian model describing friction. This mode] conmgs of a
particlks which interacts with a bomnic ssrwmi represnting a homogenecus meadmm through which the particls
moves. We show that if the particle i confined, then the Hamiltonian admits a ground state if and only if &
suifable infraed condition = satished. The latter = viclated in the casme of linear fockion, tut mbtisiied when the
frction force is pooporticnal to a higher power of the particle spesd

Resume

Diane catte note, an consdérs la version quantiqus d'un mode=ls hamitoni=n dacrivant 1= phenomans d= frottameant .
O mod sl consists =0 une particuls &n interaction avec un réserolr de hosons représsntant un molieu homogens
dans lequel la particule s= déplace, On montre que 5 la particule sst confinée, alors 1= hamikonien admet un &tat
fond amental = ot s=ule=ment 5 une condfdion infrarcuge ad aptée et mbisfate, Cette dernicre est vicl®e dans J=
cas d'un frottement infaire, mais satifaite lormque la force de fottement est proporticnnells & une puimnce plus
Elanie da la vitemes de la particuls.
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Dame cette note, on considers la version quanbique du hamiltonmien classique (1) introduit dans [3].
Le systeme studie dacrit une parbicule, d-dimensicmnelle, 5= deplagant dans un e ronnement dissip atkf
homogene [tepréss=ntd par un champ scalaire | de felle fagom que celled tessenbe une force de Bobbement
efleckive, Catbe dernicre depend de la vibeme de la parficule en fonction d'vn cerbain parametre n enbier
(= A). En parbiculier, la force de Bobbement et proporbionnelle a la vitesse =i ot ssulement sin = 3 On
park alots de Fotbement linsaire,

Meous commiderons ici b cas ol la parbicule est confinse a l'aide d'vn pobenbiel sxberiewr 77 L'espace
de Hilbert % décrivant I'sbat du myebeme g'derit I7(B® dg) @ F ot F est l'espace de Fock boscmicque
mur L7 (B9 dr k). On ='inbéteme d'abord au caracters aubo-adjoint du hamiltonien B (Propesition 1).
Catte question ==t en =flet squivalenbs a celle de 'exizbence de solubions pour 'squabion de Schrodinger
cottespondante : tdhoy = Hoy, ot oy £ F tepresente 1'sbat du sysbéme au bempe £.

Une foiz le hamilbonien B bien defini (en tank qu'operatenr avbor-adjoint), i est aizs de woir quie cehaici
e=t borne inf=risurement. Tne question naturells est alors de saveir 5 la borpe mfsrisure du spectre de &
ext une valeur propre. On parle alors d'ecdebence d'un sbat fondamenkal Cetbe borne inférieure n'sbant
pasisolee i spactre emmenbial, 1o fait que celleci soit une valeiir propre n'est pas &vident, On peub monbrer
qu'un shat fondamenbal exdske poiarri qu'un cerbaine condition infrarcuge (IF) scit vérifee [Theoréme ).
Bedproquement, =i cetbe condiion n'est pas satisfaite, on monbre qu'il n'y a pas d'sfat fondamental sous
I'byrpothése suppleme nhaite que la parbicule ait une charge non mille |Proposition 4).

Finalement, on peut metbre en telation 'sxistence, ou non, d'un sbat fondamental avec 1= Erpe de
Botbement décrit. En efet, lotsque cehii-d esh non-linsaire, il v a un ébat fondamental, tandi= que lotsque
le Foblement est linsaire, il n'y a génstiquement pas (5 la charge de la parbicule n'est pas mille) d'ébat
fondamental.

1. Introduction

Open systems are models in which a small system (particle) inb=racts with a latge one (errironment) .
They are 1sed bo describe dissipation phenomena from a Hamilbonian point of view. In [3], together with
5. De Bievre, we introdiced a clamical Hamilbomian mode] of a patticle morring through a hbomogenesois
disipative meditim at zeto emperatine in mich a way that the pathick =getences an eflectire Eneor
Frickion force proporbional bo its velocity, We describe briefly thiz model. The parbicle moves in B2, we
detote by g its postion and by p its momentiim, The mass of the particle is set bo one, it playsno role in
oir study. The medittm comsist= at sach point in the physical space B? of a vibration fisld modelling an
ohetacle with which the particle exchanges snetgy and mementum. Hamely, for all © £ B9, this oheskacle
iz demcribed by a scalar field B™ 3 p — wlz, p) £ B We would like o emphasze that the wariable g
shoild not be inberprebed gecmetrically, it indees the degrees of feedom of the obstacle. We will denote
by =iz, ¢} the field conjugated to . The phase space of the system & then £ = B« B9« Ew LB,
whete E i= the completion of 5 (F® =« B") with the norm [lof] = | ¥ad| 2=, and the Hamilbonian is

Hl:gl b,ed, T:I =

1],

1 ’ ’ Lnl i w i w [T
+Vig)+ 3 JIV dIJIII dp (| Vyolz, g)|" + |7z, 2)|7)
B B-

+ _,l‘l dx J dy o1z — g)ealy)eiz, §). (1)
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This Hamilbomian consists of thres P.:.rh: The firsk cme, Z 4+7Vig), is the energy of the parkicle (V7 is an
excbernal pobential). The sscond cne, 3 [1e%| V0" + |77}, is the enetgy of the field and ¢ & the speed of
the wave propagation. Finally, the last ertn i= the m'ber.:.n:h.n:-n tetm. The Rinclons fei| and e debatimine
the cotipling betmesn the P.:.rh:le and the field and are smooth radial fincticns with compack suppork,
One can think of the finclon o) as describing the chatge distribittion of the pathicle. The “botal” charge
of the Pﬂ.rlnde = then _r I|J]|:I:|d.'l.' = I|:1] I:I:I:I.

Ancther way of desctibing this model is the following. I we perform a Fourier transfoom of the fields
o and = with respect bo bhe vatiable p, the Hamilbohisn hecomes

H=E 1 vig+ % _.'{ d= J,f dic ([ olz, &) + |7z, B)) + J,f dr J,f dik g1 [z — gl palk)elz, k).

E« = B
In this repressntation, the obstacks are described by resetroites of cedllabors, mdesed by & £ E™, and
of frecuency w(k) = c|k|. The quantity ¢z, k) is then the amplitnde of the cecillator located at point ©
and of index k. Mow, the patammet=r n can b= r=lated to the mimber of cedllators pres=ut at the point =
through the wolime el=ment dik = |=:|"_]d|;:|dﬂ, where A7 is the volume slement of the unit sphers S~
It iz thetefore not sinpri=ing that the kind of fickion this model descibes depends on the paraimet=r n
a= we will s,

We shisdied the asympbobic behariour (# — 4o0) of the pathicle mobion for tro categories of potenhials:
liteat ones (comstant external force ) and confining opes. We proved that under miibable asimphions
jon the imbal condibions), for ¢ suffidently latge and, most imporbantly, n = 4, the particle behaves
asyin ically a= if its motion was governed by the efechive squation

glfl +qglel = =V Viglg) ),
whete the fichion cosfficient  i= hon hegative and is explicit in betins of the paramet=i= of the model:

vi=g|el0)f JI'.:I.E J,f d sl €], - (2)
E- B

For itsbance, if "= —F . g, which mearts that we apply a corsbant excbernal force F| the pathicle teaches
{ecpomentially fast) an asympbobic velocity o F) = £ which is proportional bo the applied force. This is,
in particular, at the origin of Ohm's Lo, If now V iz confining, the parbicle shope at a cribical point of
the pobential (skill exponentially if this point iz a minimum).

In [.3-]I we mostly concentrated on hnear fickion, which iz the teamon why the condiion n = 3 wa=
requiited. Hermever, for cther vahies of n [ = 2), cur model still describes frickion. Indeed, the reaction foros
o the emumm‘hmapﬁrhdemmmgmﬂ: \'E].n:-:l.{n v bales the form —'|| | = I.:.‘l:l:.:n'h:ﬂ:hrmn.]lr. and
"PF]JEI.'E 'l mdcﬂmdm |1|| Cl:ne cmﬂzmﬁmmﬂ:ﬁhmhnvehmufnchmwhm r.|—3 .:.n-:]a‘l:]:m
a frickiom foree which & proportional bo some other power of the velocity of the parkicl.

Our goal iz now 4o begin the study of the quantim version of the model (1), We will cormider here the
case whete V iz confining, and lock ab the question of exisbencs of 4 grotind shabe. Since the speed of the
wave propagation will ok play a role, we bake it eqiial o 1.

2, The yuantum mode=l

The Hilbert space of the system will ke % = L7(F¢ dg) @ F, where L7(F® dg) represent= the space
of the particle and F ix the besonic Fock space cver [ = L7 (B9 dr di) and represent= the space of the
fimld:

F = dzolm,
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whete ljm = @'} defobes the m-fold symimetric tahzor prodiict of || and o= C.
The fee Hammilbomian Hy [i.i:. withoik :id:'bei'.:.cH.n:d::I of the n.'_'.'n'bdn wrill be

1 - .\ .\ .\ |
H|:|=[—___!£'|.+1_IIIE:I].+1E:I f d:dkld[:,k_.lﬂ‘[:,k_.lﬂ[:.k_.l=H,E:II+IE:IH_-|:I 12
) Bats
where wiz k) = w(k) = |k| is the dispersion relation of the bosons and a(z, k),a'(z, k) are the distribu-
tional annihilation and creation operabors on F (see eg. [8]). They satisfy the usial canonical commtbation
relations:

[alz, k)2’ (=, K] =48(z =8k = &), [alz, &),alc, K] =[a'(z, B),a’(z" K] = 0. EY
The mietackon term is given by
el \ Fali) ~ ~
Hy= [ dedk — g k - Kk )
; j pals = @) 2 @a'e k) + paf = @) 2 ala ) (5)

where 51 and po are two smocth radial imckions with compact support, and g1(x —Q ) is the mulkiplication
opetabor on 7B dg) by the function pi(x — ). Finally, the full Hamiltonian of the inberacking sysbem
iz therefore

H .= Ha+ Hy.

3, Helfadointness and existence of a fround state

From now | we will supposs that n = 3.

The first =tep in the study of a quantum Hamilbomian i= bo proeee that it iz a well defined sel-adjcint
cpetabor on soime detme domain of . We assiime that the potential V7 satisfes

(©) ¥ £ LR, iy V(g) = 4e0.
Thi= hypothesis ensires that 5 is well defined and i mlfadjcint on DA ) = {0 £ LB |H 0 £ L7 (B9}
([8], Theotem X.28). We alsa knoer that H; i selfadicint on its domain D[H V[, Chapher VIII.10).
One then smasily proves that Hp iz selfadjcint on D{Ho) = (D H; 1@F) L7 V@D Hs)). We nowr have
the follormring result

Froposition 1 Suppose thatn = 3, and V7 solsfies condition (C). Then H is selfadioint on D(H) =
D(Ho). Moreover, H is essentiolly selfodjoint on any core for Ho, ond it is bounded from below

Thiz result &= a commecuience of the Hato-Fellich theotem ([8], Thecrem X.12). The only ingredient
nesded iz that Hr i= infimtemimally Ho-bounded, which follows fom the following lemma.

Lemma 2 Under the k;.lpnh'zeuz'u of Proposition 1. for all T' £ D Ha). we have:

- eleEl R,
0 1 f e 2 - @) @ate el < [ [asaratof 00 2wk
. \ R -
(#) ||jd:d;=-""—[[-’—,u[:—-q;e:-ﬂ (=, BT = [fd:dk|p][:}|'%A:',—]"HGIH_”'D"H
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We noer bitth bo the question of ecdebence of a groiind state. Using Propesibion 1, we Lo that By =
:i.'nfa'l:H:l = =00 whete :.rI:H:I deticbes the n.pe-:h-un-: of H. Eqis called the g:n:hun:] shate a=nend v We wrill
zay that the Hamilbonian H admit= a groiind state if Ep is an eigetrralie and then call groind shats
aty cottesponditng sigeirracbor. The question of exdstence of a grotind skhate & emenbial before shisdying
qieshicie sich a= scatlering theoty or rebiith bo equilibritim. Since B iz not Bolated foim the sssainbial
spectriim, it is nob clear wethet it iz an sigeirralis of nob.

It &= well ko that one of the main obskacles fo the axdstence of a groiind skhate, @ those modals
whete a patbicle inbstacks with a field, cotmes fom the socalled infrored cotestrophe, which iz die bo
the behardour of w(k) for small & and in parbicular to the fack that wi(0) = mfw (k) = 0. Thi= nfimim
iz soimehimes callsd the ma== of the bosons, We will then ne=d the following infered condibion on the
coupling:

(IR S i 1228 o o
The condition is used bo control the muimber of bosots which have low enetgy (soft bosons), O main
rezult s the followr ing:

Thearemn 3 Supposen = 3,1 sotisfies hypothesis (C). and po sotisfies (IR). Then H has o ground state.
On the other hand, if (IR) & ot sakisbied, wre hare the followring recprocal

Froposition 4 Suppose n = 3, V7 satisfies hypothesis (C). g2 does not safisfy (TR) and g1(0) =0, then
H hoes no ground stade

The proofs of these results can be fomd in [3].

We would like now bo make some comment on these remilts. For that pinposs, l=t 15 suppose that
pald) # 0, Indeed, this & the only hteresting caze since the Bickion coefficient 4 vanizhes bogether with
Pald) = 0 mee (2)). One can thetefore see that (IR) is satisfied if and cnly if n = 4. Thas, i the fickion &=
notrlinear, there is a ground skate whereas if the friclon i= linear (n = 3) thetes iz generically Do ground
shate [if p4(0) # 0, which means that the tobal chatge of the particle doss not vanizh). Hence| we have a
class of models, depending on a parameter n, describing frickion phenomena, linear or proporbional to a
porrer of the velocity of the particle, for which we are able o may wether they admit a ground stabe oo
ok

4, Comparison with the Melson model

In thiz ection, we wotld like to emphasize the difflerence bhetwesn ot model and the =0 called elzon
model (or mote genetally the Pauli-Fierz Hamilbomians fallowing the terminclogy of [4]). The Hilbett
space for the Malzon model i= % = L¥(B® dg) & F whete F iz the besonic Fock space over L7 (B9, dk),
and the Hamiltomian i=

l.-,q'_:l %
@atk)+ u:L‘nu[i:]l:I,

o Pk ) o Pk ) ]
’

A ke —H2 ol ke’

. L
Hoap=(—A+VI@l+ 1(3..‘,{ ik e (& Jal k) +J{ di:|l\
[ i [ i

whete wik)= |&|.

Diespite the formal simdlanity beteeen our model and the classical Helson model, we want to stres
that they de=cribe physically totally diflerent phenomena. Whik our mode] leads to fiction, the Helson
mode]l exhibits radiation damping (the dEsipation phenomenon which appeats in elsckiomagneti=zm). On
the mathematical point of e, the main diffetence conceris the dispeision relabion @ which descibes
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the =netgy of the bosore. In the Melson model, thi= snetgy goe=s to infinity when the momenbitm & of
the boson= goe=s bo infinity: a boson of latge momentitm ha=s high snetgy. In parbiciilar, when we resthrick
oiiteelves bo a low snetgy tamge, which i= siffident o shisdy the groimd shate =netgy for instance, then
we can cofbtol easly the momentitm of the bosons. Howerer, this & notb the cas= in oitr model. Indeed,
the dispetmion relation does not depend on the momentitim of the bosons in the “z-diteckion™. We can a
proti have bosons of arbitmtily low enetgy bith arbibrarily latge momentitm. Thi= & at the origin of soime
additional difficiilies in the proof of exisbence of a grotind shate, we have o be mote car=fiil in ordet to
control the momentitm of the bosois. The proof othetwise tises the following well esbablished strabsgy:
we first provve a sitmlar result for Dom zero mass (of massve) bosons, and then we l=t thi=s mass =nd b
zeto. The stiady of the massive case follows the lines of [1,8]: we firsh cotestrain the model $o a finibe b
{|z| = L) and then combrol the smor bermmes a= L goss to infinity. Then, when we let the mass go bo 2o,
we adapt the pooof of [4].
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